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Abstract

This specification defines the Mathematical Markup Language, or MathML. MathML isan
XML application for describing mathematical notation and capturing both its structure and
content. The goal of MathML isto enable mathematics to be served, received, and processed on
the Web, just asHTML has enabled this functionality for text.
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This specification of the markup language MathML is intended primarily for areadership
consisting of those who will be developing or implementing renderers or editors using it, or
software that will communicate using MathML as a protocol for input or output. It isnot a
User's Guide but rather a reference document.

This document begins with background information on mathematical notation, the problemsit
poses, and the philosophy underlying the solutions MathML proposes. MathML can be used to
encode both mathematical notation and mathematical content. Twenty-eight of the MathML
tags describe abstract notational structures, while another seventy-five provide away of
unambiguously specifying the intended meaning of an expression. Additional chapters discuss
how the MathML content and presentation elements interact, and how MathML renderers might
be implemented and should interact with browsers. Finally, this document addresses the issue of
MathML entities (extended characters) and their relation to fonts.

While MathML is human-readable it is anticipated that, in all but the ssmplest cases, authors
will use equation editors, conversion programs, and other specialized software tools to generate
MathML. Several early versions of such MathML tools aready exist, and a number of others,
both freely available software and commercial products, are under development.

Status of this document

This document has been reviewed by W3C Members and other interested parties and has been
endorsed by the Director as a W3C Recommendation. It is a stable document and may be used
asreference material or cited as a normative reference from another document. W3C'srole in
making the Recommendation is to draw attention to the specification and to promote its
widespread deployment. This enhances the functionality and interoperability of the Web.

The fundamental eXtensible Markup Language (XML) 1.0 specification upon which MathML
IS based has been adopted as a W3C Recommendation. Should future changesin the XML
specification necessitate changes in the MathML specification, it is the intention of the W3C
Math Working Group to issue arevision of the MathML specification. However, any changes
are very unlikely to be substantial.

Most of this document represents technology tested by multiple implementations. A summary
of MathML rendering and authoring software is described on the W3C Math Working Groug

home page.

The mailing list is a public forum for questions and comments about MathML and
issues related to putting math on the Web.

The W3C Math Working Group intends further development of recommendations for
mathematics on the Web, as set out below.

A list of current W3C Recommendations and other technical reports can be found at
http://www.w3.org/TR.



http://www.w3.org/pub/WWW/TR/REC-xml
http://www.w3.org/Math
http://lists.w3.org/Archives/Public/www-math
http://www.w3.org/TR

This document is a revised version of the document first released on 7 April 1998.
from the original versior] are only editorial in nature. The present W3C Math Working Group is
working on further improvements of MathML.

Available formats

The MathML 1.01 W3C Recommendation is made available in different formats from the W3Q
Math WG's site. In case of a discrepancy between any of the derived forms and that found in the

W3C's archive of Recommendations the definitive version is naturally the Recommendation. At
first it is expected that zipped and gzipped bundles will be made available, but such easily
printable formats as PostScript or PDF may be supplied.

Available languages

The English version of this specification is the only normative version. However, for
trand ations of this document, see
http://www.w3.org/M arkUp/mathml 101-updates/trandl ations.htmil.

Errata

Thelist of known errorsin this specification is available at:
http://www.w3.org/M arkUp/mathml101-updates/errata.htmi.

Please report errorsin this document to www-math@w3.0org.
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1.1 Mathematics and its Notation

A distinguishing feature of mathematicsis the use of a complex and highly evolved system of
two-dimensional symbolic notations. As J. R. Pierce has written in his book on communication
theory, mathematics and its notations should not be viewed as one and the same thing [Pierce
[A961]. Mathematical ideas exist independently of the notations that represent them. However,

the relation between meaning and notation is subtle, and part of the power of mathematics to
describe and analyze derives from its ability to represent and manipulate ideas in symbolic
form. The challenge in putting math on the Web is to capture both notation and content in such
away that documents can utilize the highly-evolved notational practices of print, and the
potential for interconnectivity in electronic media.

Mathematical notations are constantly evolving as people continue to discover innovative ways
of approaching and expressing ideas. Even the commonplace notations of arithmetic have gone
through an amazing variety of styles, including many defunct ones advocated by |eading
mathematical figures of their day [[Cajori 1928/1929]. Modern mathematical notation is the
product of centuries of refinement, and the notational conventions for high-quality typesetting
are quite complicated. For example, variables, or letters which stand for numbers, are usually
typeset today in a special italic font subtly distinct from the text italic. Spacing around symbols
for operations such as +, -, x and / is dlightly different from that of text, to reflect conventions
about operator precedence. Entire books have been devoted to the conventions of mathematical
typesetting, from the alignment of superscripts and subscripts, to rules for choosing parenthesis




sizes, to specialized notational practices for subfields of mathematics [for instance, Chaudry|

Barret and Batey, 1954, Swanson 1979, Higham 1993, or in the TeX literature Knuth 1986, and
Spivak 1984].

Notational conventions in mathematics, and printed text in general, guide the eye and make
printed expressions much easier to read and understand. Though we usually take them for
granted, we rely on hundreds of conventions such as paragraphs, capital letters, font families
and cases, and even the device of decimal-like numbering of sections such aswe areusingin
this document (an invention due to G. Peano, who is probably better known for his axioms for
the natural numbers). Such notational conventions are even more important for electronic
media, where one must contend with the difficulties of on-screen reading.

However, there is more to putting math on the Web than merely finding ways of displaying
traditional mathematical notation in aWeb browser. The Web represents a fundamental change
in the underlying metaphor for knowledge storage, a change in which interconnectivity plays a
central role. It is becoming increasingly important to find ways of communicating mathematics
which facilitate automatic processing, searching and indexing, and reuse in other mathematical
applications and contexts. With this advance in communication technology, thereis an
opportunity to expand our ability to represent, encode, and ultimately to communicate our
mathematical insights and understanding with each other. We believe that MathML isan
important step in developing Mathematics on the Web.

1.2 Origins and Goals

1.2.1 The History of MathML

The problem of encoding mathematics for computer processing or electronic communication is
much older than the Web. The common practice among scientists before the Web was to write
papers in some encoded form based on the ASCI| character set, and e-mail them to each other.
Several markup methods for mathematics, in particular TeX [Knuth 1986], were already in

wide use in 1992, just before the Web rose to prominence, [Poppelier, van Herwijnen and

Rowley 1997].

Since itsinception, the Web has demonstrated itself to be a very effective method of making
information available to widely separated groups of individuals. However, even though the
World Wide Web was initially conceived and implemented by scientists for scientists, the
capability to include mathematical expressionsin HTML isvery limited. At present, most
mathematics on the Web consists of text with GIF images of scientific notation, which are
difficult to read and to author.

The World Wide Web Consortium (W3C) recognized that lack of support for scientific
communication was a serious problem. Dave Raggett included a proposal for HTML Mathin
the HTML 3.0 working draft in 1994. A panel discussion on math markup was held at the
WWW Conference in Darmstadt in April 1995. In November 1995, representatives from



Wolfram Research presented a proposal for doing math in HTML to the W3C team. In May
1996, the Digital Library Initiative meeting in Champaign-Urbana played an important rolein
bringing together many interested parties. Following the meeting, an HTML Math Editoria
Review Board was formed. In the intervening years, this group has grown, and was formally
reconstituted as the W3C Math working group in March 1997.

The MathML proposal reflects the interests and expertise of avery diverse group. Many
contributions to the development of MathML deserve special mention, some of which we touch
on here. One such contribution concerns the question of accessibility, especialy for the visualy
handicapped. T. V. Raman is particularly notable in this regard. Neil Soiffer and Bruce Smith
from Wolfram Research shared their experience with the problems of representing mathematics
in connection with the design of Mathematica 3.0, which was an important influence in the
design of the presentation elements. Paul Topping from Design Science aso contributed his
expertise in mathematical formatting and editing. MathML has benefited from the participation
of a number of working group membersinvolved in other math encoding effortsin the SGML
and Nico Poppelier from Elsevier Science, Stéphane Dalmas from INRIA, Sophia Antipolis,
Stan Devitt from Waterloo Maple, Angel Diaz and Robert S. Sutor from IBM, and Stephen M.
Watt from the University of Western Ontario. In particular, MathML has been influenced by the
OpenMath project, the work of the 1ISO 12083 working group, and Stilo Technologies work on
a'semantic' math DTD fragment. The American Mathematical Society has played akey rolein
the development of MathML. Among other things, it has provided two working group chairs:
Ron Whitney led the group from May 1996 to March 1997, and Patrick lon, who has co-chaired
the group with Robert Miner from The Geometry Center, from March 1997 to the present.

The working group has benefited from the help of many people. We would like to particularly
name Barbara Beeton, Chris Hamlin, John Jenkins, Ira Polans, Arthur Smith, Robby Villegas
and Joe Y urvati for help and information in assembling the character tablesin Chapter 6, as
well as Peter Flynn, Russel S. S. O'Connor, Andreas Strotmann, and other contributorsto the
www-math mailing list for their careful proofreading and constructive criticisms.

1.2.2 Limitations of HTML

The demand for effective means of electronic scientific communication is high. Increasingly,
researchers, scientists, engineers, educators, students and technicians find themselves working
remotely and relying on electronic communication. At the same time, the image-based methods
that are currently the predominant means of transmitting scientific notation over the Web are
primitive and inadequate. Document quality is poor, authoring is difficult, and mathematical
information contained in images is not available for searching, indexing, or reuse in other
applications.

The most obvious problems with HTML for mathematical communication are of two types:

T
Display Problems. Consider the equation 22 = 10). This equation is sized to match the
surrounding line in 14pt type on the system where it was authored. Of course, on other systems,



or for other font sizes, the equation istoo small or too large. A second point to observeisthat
the equation image was generated against a white background. Thus, if areader or browser
resets the page background to another color, the anti-aliasing in the image resultsin white

_ —bEb2—dae
"halos." Next, consider the equation ™ 2a . This equation has a descender
which places the baseline for the equation at a point about athird of the way from the bottom of

— b2 —dae
2a

the image. One can pad the image like this; & = , SO that the centerline of

the image and the baseline of the equation coincide, but this causes problems with the inter-line
spacing, which also makes the equation difficult to read. Moreover, center alignment of images
ishandled in dlightly different ways by different browsers, making it impossible to guarantee
proper alignment for different clients.

I mage-based equations are generally harder to see, read and comprehend than the surrounding
text in the browser window. Moreover, these problems become worse when the document is
printed. The resolution of the equations will be around 70 dots per inch, while the surrounding
text will typically be 300 or more dots per inch. The disparity in quality isjudged to be
unacceptable by most people.

Encoding Problems. Consider trying to search this page for part of an equation, for example,
the "=10" from the first equation above. In asimilar vein, consider trying to cut and paste an
eguation into another application; even more demanding is to cut and paste a subexpression.
Using image based methods, neither of these common needs can be adequately addressed.
Although the use of ALT text in the document source can help, it is clear that highly interactive
Web documents must provide a more sophisticated interface between browsers and
mathematical notation. Another problem with encoding mathematics asimagesisthat it
requires more bandwidth. By using markup-based encoding, more of the rendering processis
moved to the client machine. Markup describing an equation is typically smaller and more
compressible than an image of the equation.

1.2.3 Requirements for Math Markup

Some display problems associated with including math notation in HTML documents as images
could be addressed by improving browser image handling. However, even if image handling
were improved, the problem of making the information contained in mathematical expressions
available to other applications would remain. Therefore, in planning for the future, it is not
sufficient to merely upgrade image-based methods. To fully integrate mathematical material
into Web documents, a markup-based encoding of mathematical notation and content is
required.

In designing any markup language, it is essential to carefully consider the needs of its potential
users. In the case of MathML, the needs of potential users cover a broad spectrum, from
education to research, and on to commerce:



The education community is alarge and important group that must be able to put scientific
curriculum materials on the Web. At the same time, educators often have limited resources of
time and equipment, and are severely hampered by the difficulty of authoring technical Web
documents. Students and teachers need to be able to create mathematical content quickly and
easily, using intuitive, easy-to-learn, low-cost tools.

Electronic textbooks are another way of using the Web which will potentially be very important
In education. Management consultant Peter Drucker has recently been prophesying the end of
big-campus residential higher education and its distribution over the Web [Drucker 1997].
Electronic textbooks will need to be active, allowing intercommunication between the text and
scientific software and graphics.

The academic research community generates large volumes of dense scientific material.
Increasingly, research publications are being stored in databases, such as the highly successful
physics preprint server at Los Alamos National Laboratory. Thisis especialy true in some areas
of physics and mathematics where academic journal prices have been increasing at an
unsustainable rate. In mathematics there are large collections at Duke, MSRI and SISSA, and
onthe AMS e-MATH server. In addition, databases of information on mathematical research,
such as Mathematical Reviews and Zentralblatt fir Mathematik, offer on the Web millions of
records containing math.

To accommodate the research community, a design for math markup must facilitate the

mai ntenance and operation of large document collections, where automatic searching and
indexing are important. Because of the large collection of legacy data, especially TeX
documents, the ability to convert between existing formats and new formatsis also very
important to the research community. Finally, the ability to maintain information for archival
purposesis vital to academic research.

Corporate and academic scientists and engineers also use technical documentsin their work to
collaborate, to record results of experiments and computer simulations, and to verify
calculations. For such uses, math on the Web must provide a standard way of sharing
information that can be easily read, processed and generated using commonly available tools.

Another design requirement is the ability to render mathematical material in other media such
as speech or braille, which is extremely important for the visually impaired.

Commercia publishers are also involved with math on the Web at all levels from electronic
versions of print books to interactive textbooks to academic journals. Publishersrequire a
method of putting math on the Web that is capable of high-quality output, robust enough for
large-scale commercial use, and preferably compatible with their current, usually SGML-based,
production systems.



1.2.4 Design Goals of MathML

In order to meet the diverse needs of the scientific community, MathML has been designed with
the following ultimate goals in mind.

MathML should:

encode mathematical material suitable for teaching and scientific communication at all
levels.

encode both mathematical notation and mathematical meaning.

facilitate conversion to and from other math formats, both presentational and semantic.
Output formats should include:

o graphical displays

0 speech synthesizers

computer algebra systems' input

other math layout languages, such as TeX
plain text displays, e.g. VT100 emulators
print media, including braille

It is recognized that conversion to and from other notational systems or media may entail
loss of information in the process.

allow the passing of information intended for specific renderers and applications.
support efficient browsing for lengthy expressions.

provide for extensibility.

be well suited to template and other math editing techniques.

be human legible, and simple for software to generate and process.

o o o o

No matter how successfully MathML might achieve its goals as a markup language, it is clear
that MathML will only be useful if it isimplemented well. To this end, the W3C Math working
group has identified a short list of additional implementation goals. These goals attempt to
describe concisaly the minimal functionality MathML rendering and processing software should
try to provide.

MathML equationsin HTML pages should render properly in popular Web browsers, in
accordance with reader and author viewing preferences, and at the highest quality
possible given the capabilities of the platform.

HTML documents containing MathML equations should print properly and at
high-quality printer resolutions.

MathML equations in Web pages should be able to react to mouse gestures, and
coordinate communication with other applications through the browser.

Equation editors and converters should be devel oped to facilitate the creation of Web
pages containing MathML equations.

These goals can probably be adequately addressed in the near term by using embedded el ements



such as Java applets, plug-insand ActiveX controls to render MathML. However, the extent to
which these goals are ultimately met depends on the cooperation and support of browser
vendors, and other software developers. The W3C Math working group will continue to work
with the Document Object Model working group and the proposed Extensible Style Language
working group to ensure that the needs of the scientific community will be met in the future.

1.3 The Role of MathML on the Web

1.3.1 Layered Design of Mathematical Web Services

The design goals of MathML require a system for encoding mathematical material for the Web
which isflexible and extensible, suitable for interaction with external software, and capable of
producing high-quality rendering in several media. Any markup language that encodes enough
information to do all these tasks well will of necessity involve some complexity.

At the same time, it is important for many groups, such as students, to have simple ways to
include math in Web pages by hand. Similarly, other groups, such as the TeX community,
would be best served by a system which allowed the direct entry of markup languages like TeX
in Web pages. In general, specific user groups are better served by more specialized kinds of
Input and output tailored to their needs. Therefore, the ideal system for communicating
mathematics on the Web should provide both specialized services for input and output, and
general services for interchange of information and rendering to multiple media.

In practical terms, the observation that math on the Web should provide for both specialized and
general need naturally leads to the idea of alayered architecture. One layer consists of

powerful, general software tools exchanging, processing and rendering suitably encoded
mathematical data. A second layer consists of specialized software tools aimed at specific user
groups, and which are capable of easily generating encoded mathematical data which can then
be shared with a general audience.

MathML is designed to provide the encoding of mathematical data for the bottom, more general
layer in atwo-layer architecture. It isintended to encode complex notational and semantic
structure in an explicit, regular, and easy to process way for renderers, searching and indexing
software, and other mathematical applications.

As aconsequence, MathML is not primarily intended for direct use by authors. While MathML
Is human-readable, in all but the ssimplest casesit istoo verbose and error-prone for hand
generation. Instead, it is anticipated that authors will use equation editors, conversion programs,
and other specialized software tools to generate MathML. Alternatively, some renderers may
convert other kinds of input directly included in Web pages into MathML on thefly, in
response to a cut-and-paste operation, for example.

In some ways, MathML is analogous to other low-level, communication formats such as
Adobe's PostScript language. Y ou can create a PostScript file in a variety of ways, depending
on your needs; experts write and modify them by hand, authors create them with word



processors, graphic artists with illustration programs, and so on. Once you have a PostScript
file, however, you can share it with avery large audience, since devices which render
PostScript, such as printers and screen previewers, are widely available.

Part of the reason for designing MathML as a markup language for alow-level, general,
communication layer isto stimulate mathematical Web software development in the layers
above. MathML provides away of coordinating the development of modular authoring tools
and rendering software. By making it easier to develop afunctional piece of alarger system,
MathML can stimulate a"critical mass' of software development, greatly to the benefit of
potential users of math on the Web.

One can envision asimilar situation for mathematical data. Authors are free to create MathML
documents using the tools best suited to their needs. For example, a student might prefer to use
amenu-driven equation editor that can write out MathML to an HTML file. A researcher might
use a computer algebra package that automatically encodes the mathematical content of an
expression, so that it can be cut from a Web page and evaluated by a colleague. An academic
journal publisher might use a program that converts TeX markup to HTML and MathML.
Regardless of the method used to create a MathML web page, once it exists, all the advantages
of apowerful and general communication layer become available. A variety of MathML
software could all be used with the same document to render it in speech or print, to send it to a
computer algebra system, or to manage it as part of alarge Web document collection. One may
expect that eventually MathML can be integrated into other arenas where mathematical
formulas occur, such as spreadsheets, statistical packages and engineering tools.

The W3C Math working group is working with vendors to ensure that a wide variety of
MathML software will soon be available, including both rendering and authoring tools. A
current list of MathML software is maintained at the World Wide Web Consortium.

1.3.2 Relation to Other Web Technology

The original conception of HTML Math was asimple, straightforward extension to HTML that
would be natively implemented in browsers. However, very early on, the explosive growth of
the Web made it clear that a general extension mechanism was required, and that math was only
one of many kinds of structured data which would have to be integrated into the Web using
such a mechanism.

Given that MathML must integrate into the Web as an extension, it is extremely important that
MathML and MathML software can interact well with the existing Web environment. In
particular, MathML has been designed with three kinds of interaction in mind. First, in order to
create mathematical Web content, it isimportant that existing mathematical markup languages
can be converted to MathML, and that existing authoring tools can be modified to generate
MathML. Second, it must be possible to embed MathML markup seamlessly in HTML markup
in such away that it will be accessible to future browsers, search engines, and all kinds of Web
applications which now manipulate HTML. Finally, it must be possible to render MathML
embedded in HTML in today's web browsers in some fashion, even if it isless than ideal.


http://www.w3.org/Math

Existing Mathematical Markup Languages

Perhaps the most important influence on mathematical markup languages of the last two
decadesisthe TeX typesetting system developed by Donald Knuth [Knuth 1986]. TeX isade
facto standard in the mathematical research community, and it is pervasive in the scientific
community at large. TeX sets a standard for quality of visual rendering, and a great deal of
effort has gone into ensuring MathML can provide the same visual rendering quality. Moreover,
because of the many legacy documentsin TeX, and because of the large authoring community
versed in TeX, apriority in the design of MathML was the ability to convert TeX math input
into MathML format. The feasibility of such conversion has been demonstrated by prototype
software.

Extensive work on encoding mathematics has aso been done in the SGML community, and
SGML-based encoding schemes are widely used by commercial publishers. ISO 12083 isan
important markup language which contains amath DTD fragment primarily intended for
describing the visual presentation of mathematical notation. Because SO 12083 math and its
derivatives share many presentational aspects with TeX, and because SGML enforces structure
and regularity more than TeX, much of the work in ensuring MathML is compatible with TeX
also applies well to 1SO12083.

MathML also pays particular attention to compatibility with other mathematical software, and
in particular, with computer algebra systems. Many of the presentation elements of MathML are
derived in part from the mechanism of typesetting boxes. The MathML content elements are
heavily indebted to the OpenMath project and the Semantic Maths DTD. The OpenMath project
has close ties to both the SGML and computer algebra communities, and has laid a foundation
for an SGML -based means of communication between mathematical software packages, anong
other things. The feasibility of both generating and interpreting MathML in computer algebra
systems has been demonstrated by prototype software.

HTML Extension Mechanisms

As noted above, the success of HTML has led to enormous pressure to incorporate a wide
variety of datatypes and software applications into the Web. Each new format or application
potentially places new demands on HTML and on browser vendors. For some time, it has been
clear that agenera extension mechanism is necessary to accommodate new extensions to
HTML. We began our work thinking of a plain extension to HTML in the spirit of the first math
support suggested for HTML 3.2. But for various reasons, once we got into the details this
proved to be not so good an idea. Since work first began on MathML, XML has emerged as the
leading candidate for such a general extension mechanism.

XML stands for Extensible Markup Language. It is designed as asimplified version of SGML,
the meta-language used to define the grammar and syntax of HTML. One of the goals of XML
Isto be suitable for use on the Web, and in the context of this discussion it can be viewed as a
general mechanism for extending HTML. Asits name implies, extensibility is akey feature of



XML; authors are free to declare and use new tags and attributes. At the same time, XML
grammar and syntax rules carefully enforces document structure to facilitate automatic
processing and maintenance of large document collections.

Though details about how XML markup will ultimately be embedded in HTML remain to be
resolved, XML has garnered broad industry support including major browser vendors. Devising
a standard way of embedding XML in HTML is aso important with the W3C. Furthermore,
other applications of XML for all kinds of document publishing and processing promise to
become increasingly important. Consequently, both on theoretical and pragmatic grounds, it
makes a great deal of sense to specify MathML asan XML application, and we have done so.

Browser Extension Mechanisms

While details of ageneral model for rendering and processing XML extensionsto HTML is still
being being resolved, broad features of the model are already fairly clear. Formatting Properties
developed by the Cascading Style Sheets and Formatting Properties Working Group for
and made available through the Document Object Model (DOM)) will be applied to MathML
elements to obtain some stylistic control over the presentation of MathML. Further

development of these Formatting Properties falls within the charter of both the CSS& FP and the
working groups. Thus, it may soon be possible to write a style sheet which will largely
describe the correct display of MathML.

MathML was designed with the goal of style sheet-based rendering in mind. It isthe intention
of the W3C Math Working Group to work closely with W3C style sheet activities to ensure
both that adequate support for MathML is incorporated into future style sheet mechanisms, and
that MathML style sheets are developed. In particular, providing for adequate follow-on
activities beyond the scope of the W3C Math working group charter isahigh priority.

Until style sheet mechanisms are capable of delivering native browser rendering of MathML,
however, it is necessary to extend browser capabilities by using embedded elements to render
MathML. It may soon be possible to instruct a browser to use a particular embedded renderer to
process embedded XML markup such as MathML, and coordinate the resulting output with the
surrounding Web page. Indeed, for specialized processing, such as connecting to a computer
algebra system, this capability islikely to remain highly desirable. However, for this kind of
interaction to be really satisfactory, it will be necessary to define a document object model rich
enough to facilitate complicated interactions between browsers and embedded elements. For
this reason, the W3C Math working group is coordinating its efforts closely with the Document
Object Model working group.

For processing by embedded elements, and for inter-communication between scientific software
generally, a style sheet-based layout model is less than ideal in some ways. It can impose an
additional implementation burden in a setting where it may offer few advantages, and it
Imposes implementation requirements for coordination between browsers and embedded
renderers that will likely be unavailable in the immediate future.
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For these reasons, the MathML specification defines an attribute-based layout model, which has
proven very effective for high-quality rendering of complicated mathematical expressionsin
several independent implementations. MathML presentation attributes utilize W3C Formatting
where possible. Also, MathML elements accept class, style and id attributes to
facilitate their use with CSS style sheets. However, at present, there are few settings where CSS
machinery is currently available to MathML renderers.

When style sheet mechanisms become available to MathML, it is anticipated their use will
become the dominant method of stylistic control of MathML presentation meant for use in
rendering environments which support those mechanisms.

Next: MathML Fundamentals
Up: [Table of Contents
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MathML Overview

This chapter introduces the basic ideas of MathML. The first section describes the overall
design of MathML. The second section present a number of motivating examples, to give the
reader something concrete to refer to while reading subsequent chapters of the MathM L
Specification. The final section describes basic features of the MathML syntax and grammar,



which apply to all MathML markup. In particular, Section 2.3 should be read before Chapters 3,
4 and 5.

A fundamental challenge in defining a mathematics markup language for the Web is reconciling
the need to encode both the presentation of a mathematical notation and the content of the
mathematical idea or object which it represents.

The relationship between a mathematical notation and a mathematical ideais subtle and deep.
On aformal level, the results of mathematical logic raise unsettling questions about the
correspondence between symbolic logic systems and the phenomena they model. At amore
intuitive level, anyone who uses mathematical notation knows the difference that a good choice
of notation can make; the symbolic structure of the notation suggests the logical structure. For
example, the Leibniz notation for derivatives "suggests' the chain rule of calculus through the
symbolic cancellation of fractions:

o ox _of
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Mathematicians and teachers understand this very well; part of their expertise liesin choosing
notation that emphasizes key aspects of a problem while hiding or diminishing extraneous
aspects. It is commonplace in math and science to write one thing when technically something
else is meant, because long experience shows this actually communicates the idea better at
some higher level.

In many other settings, though, mathematical notation is used to encode the full, precise
meaning of a mathematical object. Mathematical notation is capable of prodigious rigor, and
when used carefully, it isvirtually free of ambiguity. Moreover, it is precisely thislack of
ambiguity which makes it possible to describe mathematical objects so that they can be used by
software applications such as computer algebra systems and voice renderers. In situations where
such inter-application communication is of paramount importance, the nuances of visual
presentation generally play aminimal role.

MathML allows authors to encode both the notation which represents a mathematical object and
the mathematical structure of the object itself. Moreover, authors can mix both kinds of
encoding in order to specify both the presentation and content of a mathematical idea. The
remainder of this section gives abasic overview of how MathML can be used in each of these

ways.
2.1.1 Taxonomy of MathML Elements

All MathML elementsfall into one of three categories. presentation elements, icontent elements
and [nterface elements. Each of these categoriesis described in detail in chapters 3, 4 and 7
respectively.




Presentation elements describe mathematical notation structure. Typical examples are the mrow
element, which is used to indicate a horizontal row of characters, and the msup element, which
Is used to indicate a base and superscript. As a general rule, each presentation element
corresponds to a single kind of notational "schema' such as arow, a superscript, an underscript
and so on. Since many notational schemata have a number of frequently occurring variants,
most presentation elements accept a number of attributes which can be used to select between
variants. For example, the superscript element accepts a " superscript shift" attribute which
specifies the minimum amount the superscript should shift upward.

Content elements describe mathematical objects directly, as opposed to describing the notation
which represents them. Typical examples include the plus element, which denotes the usual
addition operator for real numbers, and the vector element, which denotes a vector from linear
algebra. Each content element corresponds to a carefully defined mathematical concept. Some
elements represent mathematical objects like vectors, while others represent functions or
operations like addition.

Every MathML element but one is either a presentation element or a content element. The math
element is neither, sinceitsroleisto serve as atop-level, interface element. One function of the
math element is to pass on parametersto a MathML processor that affect an entire expression,
such as style preferences. A second function is to communicate parameters to a \Web browser
about what software to use to render a MathML expression, and how the expression should be
integrated into the surrounding HTML page. (As XML support is added to browsers, it may
ultimately be necessary to introduce one or two more interface elements, to handle these
functions separately. See chapter 7 for details.)

2.1.2 Expression Trees and Token Elements

Presentation and content expressions both share a number of formal properties. In both cases,
most expressions naturally decompose into pieces, or subexpressions. For example, the
expression

(@+b)?
naturally breaks into a"base," the (a + b), and a"script,” which isthe single character '2' in this
case. Furthermore, as this example shows, the subexpressions may themselves decompose into

further subexpressions, and so on. Of course, the decomposition process eventually terminates
with indivisible expressions such as digits, letters, or other symbol characters.

Although this particular example involves mathematical notation, and hence presentation
markup, the same observation applies equally well to abstract mathematical objects, and hence
to content markup. For example, our superscript example would typically denote an
exponentiation operation that would require two operands: a "base" and an "exponent.” Thisis
no coincidence, since as agenera rule, mathematical notation closely mirrors the logical
structure of the underlying mathematical objects.

The recursive nature of mathematical objects and notation is strongly reflected in MathM L



markup. Most presentation or content elements contain some number of other MathML
elements corresponding to the constituent pieces out of which the original object is recursively
built. The original schemais commonly called the parent schema, and the constituent pieces are
called child schemata. More generally, MathML expressions can be regarded as trees, where
each node corresponds to a MathML element, the branches under a"parent” node correspond to
its "children”, and the leaves in the tree correspond to indivisible notation or content units such
as numbers, characters, etc.

Most leaf nodesin aMathML expression tree are either canonically empty elements, or token
elements. Canonically empty elements directly represent symbolsin MathML, such asthe
content element plus. MathML token elements are the only MathML el ements permitted to
directly contain character data. The character data may consist of ASCII characters and
MathML entities, which are escape sequences of the form &entity _name;. MathML entities
typically denote non-ASCII Unicode characters such as & alpha;, & rightarrow; and &sum;. A
third kind of leaf node permitted in MathML is the annotation element, which is used to hold
datain anon-MathML format.

The most important presentation token elements are mi, mn and mo for representing identifiers,
numbers and operators respectively. Typically arenderer will employ dlightly different
typesetting styles for each of these kinds of character data: numbers are usually in upright font,
identifiersin italics, and operators have extra space around them. In content markup, there are
only two tokens, ci and cn for identifiers and numbers respectively. In content markup, separate
elements are provided for commonly used functions and operators. The fn element is provided
for user-defined extensions to the base set.

In terms of markup, most MathML elements have a start tag and an end tag, which enclose the
markup for their contents. In the case of tokens, the content is character data, and in most other
cases, the content is the markup for child elements. A third category of elements, called

canonically empty elements, don't require any contents, and are marked up using a single tag of
the form <element_name/>. An example of thiskind of markup is the content element <plus/>.

Returning to the example of (a + b)2, we can now see how the principles discussed above play
out in practice. One form of presentation markup for this exampleis:

<nsup>
<nf enced>
<nT OW>
<m >a</ m >
<no>+</ no>
<m >b</ m >
</ nT ow>
</ nf enced>
<m>2</ m>
</ msup>



The content markup for the same exampleis:

<appl y>
<power/ >
<appl y>
<pl us/ >
<ci >a</ci >
<ci >b</ci >
</ appl y>
<cn>2</cn>
</ appl y>
While afull discussion of presentation and content markup must wait until Chapters 3 and 4,
the main features of these sample encodings should now be relatively clear.

2.1.3 Presentation Markup

MathML presentation markup consists of 28 elements which accept over 50 attributes. Most of
the elements correspond to layout schemata, which contain other presentation elements. Each
layout schema corresponds to a 2-dimensional notational device, such as a super- or sub-script,
fraction or table. In addition, there are the presentation token elements mi, mn and mo
introduced above, as well as several other less commonly used token elements. The remaining
few presentation elements are empty elements, and are used mostly in connection with
alignment.

The layout schemata fall into several classes. One group of elementsis concerned with scripts,
and contains elements such as msub, munder, and mmultiscripts. Another group focuses on
more general layout and includes mrow, mstyle, and mfrac. A third group deals with tables.
The maction element is a category by itself, and represents various kinds of actions on notation,
such asin an expression which toggles between two pieces of notation.

An important feature of many layout schematais that the order of child schematais significant.
For example, the first child of an mfrac element is the numerator and the second child isthe
denominator. Since the order of child schematais not enforced at the XML level by the
MathML DTD, the information added by ordering is only available to aMathML processor, as
opposed to ageneric XML processor. When we want to emphasize that a MathML element
such as mfrac requires children in a specific order, we will refer to them as arguments, and
think of the mfrac element as a notational "constructor”.

2.1.4 Content Markup

Content markup consists of about 75 elements accepting roughly a dozen attributes. The
majority of these elements are empty elements corresponding to awide variety of operators,
relations and named functions. Examples of this sort include partialdiff, leq and tan. Others
such as matrix and set are used to encode various mathematical datatypes, and athird,



important category of content elements such as apply are used to make new mathematical
objects from others.

The apply element is perhaps the single most important content element. It is used to apply a
function to a collection of arguments. The positions of the child schemata is again significant,
with the first child denoting the function to be applied, and the remaining children denoting the
arguments of the function, with order preserved. Note that the apply construct always uses
prefix notation, like the programming language L1SP. In particular, even binary operations like
subtraction are marked up by applying a prefix subtraction operator to two arguments. For
example, a - b would be marked up as

<appl y>
<m nus/ >
<ci >a</ ci >
<ci >b</ci >
</ appl y>

A number of functions and operations require one or more quantifiers to be well-defined. For
example, in addition to an integrand, a definite integral must specify the limits of integration
and the bound variable. For this reason, there are several qualifier schemata such as bvar and
lowlimit. They are used with operators such as diff and int.

The declar e construct is especially important for content markup that might be evaluated by a
computer algebra system. The declar e element provides a basic assignment mechanism, where
avariable can be declared to be of a certain type, with a certain value. Typically, declarations
areignored for visual rendering, and are used when an expression is evaluated.

2.1.5 Mixing Presentation and Content

Different kinds of markup will be most appropriate for different kinds of tasks. Legacy datais
probably best translated into pure presentation markup, since semantic information about what
the author meant can only be guessed at heuristically. By contrast, some mathematical
applications and pedagogically-oriented authoring tools will likely choose to be entirely
content-based. However, the mgority of applications fall somewhere in between these
extremes. For these applications, the most appropriate markup is a mixture of both presentation
and content markup.

The rules for mixing presentation and content markup derive from the general principle that
mixed content should only be allowed in places where it makes sense. For content markup
embedded in presentation markup this basically means that any content fragments should be
semantically meaningful, and should not require additional arguments or quantifiers to be fully
specified. For presentation markup embedded in content markup, this usually means that
presentation markup must be contained in a content token element, so that it will be treated as
an indivisible notational unit used as a variable or function name.



Another option is to use a semantics element. The semantics element is used to bind MathML
expressions to various kinds of annotations. One common use for the semantics element isto
bind a content expression to a presentation expression as a semantic annotation. In thisway, an
author can specify a non-standard notation be used when displaying a particular content
expression. Another use of the semantics element is to bind some other kind of semantic
specification, such as an expression, to aMathML expression. In thisway, the
semantics element can be used to extend the scope of MathML content markup.

2.2 Some MathML Examples

2.2.1 Presentation Examples

Notation: ;EE +4dr +4 =10

Markup:

<nT OW>
<nT OW>
<nmsup>
<m >x</ m >
<m>2</ m>
</ msup>
<no>+</ no>
<nT OW>
<m>4</ m>
<nmo>&l nvi si bl eTi mes; </ np>
<m >x</ m >
</ nT ow>
<no>+</ no>
<m>4</ m>
</ nT ow>
<no>=</ np>
<m>0</ m>
</ nT ow>

Note the use of nested mrow elements to denote terms, in this case the left-hand side of the
eguation functioning as an operand of "=". Marking terms grestly facilitates things like spacing
for visual rendering, voice rendering, and line breaking.
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Notation: [ —

Markup:

<nr ow>
<m >X</ m >
<no>=</ nop>
<nfrac>
<nr ow>
<nT ow>
<no>- </ np>
<m >b</m >
</ nr ow>
<mo>&Pl usM nus; </ no>
<msqrt>
<nT ow>
<nsup>
<m >b</ m >
<m>2</ m>
</ msup>
<no>- </ no>
<nT oW>
<m>4</ m>
<mo>&I nvi si bl eTi mes; </ mo>
<m >a</ m >
<no>&I nvi si bl eTi mes; </ no>
<m >c</ m >
</ nr ow>
</ nmr ow>
</ nmsqrt>
</ nr ow>
<nr ow>
<m>2</ m>
<nmo>&I nvi si bl eTi mes; </ mo>
<m >a</m >
</ mr ow>
</ nfrac>
</ nmr ow>

Notice that the plus/minus sign is given by a special named entity & PlusMinus;. MathML



provides avery comprehensive list of entity names for mathematical symbols. In addition to the
mathematical symbols needed for screen and print rendering, MathML provides symbols to
facilitate audio rendering. For audio rendering, it is important to be able to automatically
determine whether

<nTr ow>
<m >z</ m >
<nf enced>
<nTr ow>
<m >x</ m >
<no>+</ no>
<m >y</m >
</ nmr ow>
</ nf enced>
</ nmr ow>

should be read as "z times the quantity x plusy" or "z of x plusy". The entities
&InvisibleTimes; and & ApplyFunction; provide away for authorsto directly encode the
distinction for audio renderers. For instance, in the first case & InvisibleTimes; should be
inserted after the line containing the z. MathML also introduces entities like & dd; which
represents a "differential d" which renders with dlightly different spacing in print, and is usually
rendered as "with respect to" in speech. Unless content tags, or some other mechanism, are used
to eliminate the ambiguity, authors should always use these entities, in order to make their
documents more accessible.

£
Notation: A= ’ y]

< w

Markup:

<nr ow>
<m >A</ m >
<no>=</ np>
<nf enced open="[" cl ose="]">
<mt abl e>
<ntr>
<mt d><m >x</ m ></ m d>
<nt d><m >y</ m ></ nt d>
</ntr>
<ntr>
<mt d><m >z</ m ></ mt d>
<mt d><m >wWw</ m ></ mt d>



</mr>

</ m abl e>

</ nf enced>
</ nmr ow>

Most elements have a number of attributes that control the details of their screen and print
rendering. For example, there are several attributes for the mfenced element that control what
delimiters should be used at the beginning and the end of the expression. The attributes for
operator elements given using <mo> are set to default values determined by a dictionary. (For
the suggested MathML operator dictionary, see gppendix C.)

2.2.2 Content Examples

Notation: ;EE +4dr +4 =10

Markup:

<rel n>
<eq/ >
<appl y>
<pl us/ >
<appl y>
<power/ >
<ci >x</ ci >
<cn>2</cn>
</ appl y>
<appl y>
<times/>
<cn>4</ cn>
<ci >x</ ci >
</ appl y>
<cn>4</ cn>
</ appl y>
<cn>0</ cn>
</rel n>

Note that the reln element is used much like the apply element, except that it is used with
relations instead of operators and functions.



— b+ /b2 — dac
2a

Notation: [ —

Markup:

<rel n>
<eq/ >
<ci >x</ ci >
<appl y>
<di vi de/ >
<appl y>
<f n><nmo>&Pl usM nus; </ no></ f n>
<appl y>
<m nus/ >
<ci >b</ci >
</ appl y>
<appl y>
<root/>
<appl y>
<m nus/ >
<appl y>
<power />
<ci >b</ci >
<cn>2</cn>
</ appl y>
<appl y>
<times/>
<cn>4</ cn>
<ci >a</ ci >
<ci >c</ci >
</ appl y>
</ appl y>
<cn>2</cn>
</ appl y>
</ appl y>
<appl y>
<times/>
<cn>2</cn>
<ci >a</ci >
</ appl y>
</ appl y>



</rel n>

MathML content markup does not directly contain an element for the "plus or minus' operation.
Therefore, we use the fn element to declare that we want the presentation markup for this
operator to act as a content operator. Thisis a simple example of how presentation and content
markup can be mixed to extend content markup.

£ Yy
I ow

Notation: A=

Markup:

<rel n>
<eq/ >
<ci >A</ ci >
<matri x>
<mat ri Xr ow>
<ci >x</ ci >
<ci >y</ci >
</ matri xr ow>
<matri Xr ow>
<ci >z</ci >
<ci >wk/ ci >
</ matri xr ow>
</ matri x>
</rel n>

Note that by default, the rendering of the content element matrix includes enclosing
parentheses, so we need not directly encode them. Thisis quite different from the presentation
element mtable which may or may not refer to a matrix, and hence requires explicit encoding
of the parentheses if they are desired.

2.2.3 Mixed Markup Examples

_ " dr
Notation: -
N £

Markup:

<senmanti cs>



<nT ow>
<nsubsup>
<mo>&i nt ; </ mo>
<m>0</ m>
<m >t</m >
</ msubsup>
<nfrac>
<nr ow>
<np>&dd; </ np>
<m >x</ m >
</ nr ow>
<m >x</m >
</ nfrac>
</ nr ow>

<annot ati on- xm encodi ng="Mat hM.- Cont ent " >
<appl y>
<int/>
<bvar ><ci >x</ ci ></ bvar >
<lowimt><cn>0</cn></lowimt>
<uplimt><ci>t</ci></uplimt>
<appl y>
<di vi de/ >
<cn>1</cn>
<ci >x</ci >
</ appl y>
</ appl y>
</ annot ati on- xni >

</ semanti cs>

In this example, we use the semantics element to provide aMathML content expression to
serve as a "'semantic annotation” for a presentation expression. The semantics element has asits
first child the expression being annotated, and the subsequent children are the annotations.
Thereisno restriction on the kind of annotation that can be attached using the semantics
element. For example, one might give a TeX encoding, or computer algebrainput in an
annotation. The type of annotation is specified by the encoding attribute and the annotation
and annotation-xml elements.

Another common use of the semantics element arises when one wants to use a content coding,
and provide a suggestion for its presentation. In this case, we would have the markup:

<senmanti cs>



<appl y>
<int/>
<bvar ><ci >x</ ci ></ bvar >
<lowimt><cn>0</cn></lowmimt>
<uplimt><ci>t</ci></uplimt>
<appl y>
<di vi de/ >
<cn>1</cn>
<ci >x</ ci >
</ appl y>
</ appl y>

<annot ati on- xm encodi ng="Mat hM.- Present ati on" >
<nT oOW>
<nmsubsup>
<np>&i nt ; </ no>
<m>0</ m>
<m >t</m >
</ msubsup>
<nfrac>
<nr ow>
<nmo>&dd; </ mo>
<m >x</ m >
</ nmr ow>
<m >x</ m >
</ nfrac>
</ nmr ow>
</ annot ati on-xm >

</ semanti cs>

This kind of annotation is useful when something other than the default rendering of the content
encoding is desired. For example, by default, some renderers might layout the integrand
something like "1/x dx". Specifying that the integrand should by preference render as"dx / X"
instead can be accomplished with the use of aMathML Presentation annotation as shown. Be
aware, however, that renderers are not required to take into account information contained in
annotations, and what use is made of them, if any, will depend on the renderer.

2.3 MathML Syntax and Grammar

MathML is an application of XML, or Extensible Markup Language, and as such, its syntax is
governed by the rules of XML syntax, and its grammar isin part specified by aDTD, or



Document Type Definition. In other words, the details of using tags, attributes, entity references
and so on are defined in the XML language specification, and the details about MathM L
element and attribute names, which elements can be nested inside each other, and so on are
specified in the MathML DTD.

However, MathML also specifies some syntax and grammar rules in addition to the general
rulesit inherits as an XML application. These rules allow MathML to encode a great deal more
information than would ordinarily be possible with pure XML, without introducing many more
elements, and using a substantially more complex DTD. A grammar for content markup
expressionsis given in Appendix B. Of course, one drawback to using MathML specific rulesis

that they are invisible to generic XML processors and validators.

There are basically two kinds of additional MathML grammar and syntax rules. One kind
involves placing additional criteria on attribute values. For example, it is not possible in pure
XML to require that an attribute value be a positive integer. The second kind of rule specifies
more detailed restrictions on the child elements (for example on ordering) than are given in the
DTD. For example, it is not possiblein XML to specify that the first child be interpreted one
way, and the second in another.

The following sections discuss features both of XML syntax and grammar in general, and of
MathML in particular. Throughout the remainder of the MathML specification, we will usually
take care to distinguish between usage required by XML syntax and the MathML DTD and
usage required by MathML specific rules. However, we will frequently allude to "MathM L
errors’ without identifying which part of the specification is being violated.

2.3.1 An XML Syntax Primer

Since MathML isan application of XML, the MathML Specification uses the terminology of
XML to describeit. Briefly, XML datais composed of Unicode characters (which include
ordinary ASCII characters), "entity references" (informally called "entities") such as "& nbsp;"
which usually represent "extended characters’, and "elements’ such as<m

fontstyl e="normal "> x </ m >. Elements enclose other XML data called their
"content” between a"start tag" (sometimes called a"begin tag") and an "end tag", much likein
HTML. There are aso "empty elements" such as<pl us/ >, whose start tag ends with/ > to
indicate that the element has no content or end tag. The start tag can contain named parameters
called "attributes’, such asf ont st yl e="nor nal " in the example above. For further details
on XML, consult fhe XML specification.

As XML iscase-sensitive, MathM L element and attribute names are case-sensitive. For reasons
of legibility, the MathML defines them almost all in lowercase.

In formal discussions of XML markup adistinction is maintained between an element, such as
an mrow element, and the tags <mrow> and </mrow> marking it. What is between the
<mrow> start tag and the </mrow> end tag is the mrow element's content. An "empty
element” such as none is defined to have no content and so has a single tag of the form


http://www.w3.org/TR/REC-xml
http://www.w3.org/TR/REC-xml

<none/>. Usually, the distinction between elements and tags will not be so finely drawn in this
specification. For instance, we will often refer to the <mrow> and <none/> elements, realy
meaning the elements whose tags these are, in order that references to elements are visually
distinguishable from references to attributes. However, the words "element” and "tag"
themselves will be used strictly in accordance with XML terminology.

2.3.2 Children vs. Arguments

Many MathML elements require a specific number of child elements and/or attach additional
meanings to children in certain positions. As noted above, these kinds of requirements are
MathML specific, and cannot be specified entirely in terms of XML syntax and grammar. When
the children of agiven MathML element are subject to these kinds of additional conditions, we
will often refer to them as arguments instead of merely children in order to emphasize their
MathML specific usage. Note that especially in Chapter 3 the term "argument" is usually used
in this technical sense, unless otherwise noted, and therefore refers to a child element.

In the detailed discussions of element syntax given with each element throughout the MathM L
specification, the number of required arguments and their order isimplicitly indicated by giving
names for the arguments at various positions. Thisinformation is also given for presentation
elementsin the table of argument requirementsin Section 3.1.3, and for content elementsin the

EBNF grammar for content markup in gppendix E.

A few elements have other requirements on the number or type of arguments. These additional
requirements are described together with the individual elements.

2.3.3 MathML Attribute Values

According to the XML language specification, attributes given to elements must have one of the
forms

attri bute-name = "val ue"
or

attri bute-nane = 'val ue’
where whitespace around the '=" is optional.

Attribute names are generally shown in bold within descriptive text in this specification, but not
within examples.

The attribute value, which in general in MathML can be a string of arbitrary characters, must be
surrounded by a pair of either double quotes (") or single quotes (* ). The kind of quotes not
used to surround the value may be included within it.

MathML uses a more complicated syntax for attribute values than the generic XML syntax
required by the MathML DTD. These additional rules are intended for use by MathM L
applications, and it isaMathML error to violate them, though they are not enforced by XML



processing. The MathML syntax of each attribute value is specified in the table of attributes
provided with the description of each element it can be used with, using a notation described
below. In MathML applications these attribute values should be further processed as follows,
unless otherwise specified: whitespace isignored except to separate letter and/or digit
sequences into individual words or numbers; and the same entity references (listed in [Chapter )
which can be used within token elements to represent characters can be used to represent those
charactersin attribute values (whenever those characters would be permitted by that attribute
value's syntax).

In particular, the characters™ , ' , and & can be included in MathML attribute values (when
permitted by the attribute value syntax) using the entity references &quot ; , &apos; , and
&anp; , respectively. (& t; can aso be used for <, but thisis not required in attribute values,
only in token element content.)

The MathML DTD provided in declares most attribute value types as CDATA

strings. This permits increased interoperability with existing SGML software and allows
extension to the lists of predefined values.

Syntax notations used in the MathML specification

To describe the MathM L -specific syntax of permissible attribute values, the following
conventions and notations are used in the MathML specifications for most attributes.

Notation what it matches
decimal integer or real number (digits with one decimal point),

number optionally starting with '-'
unsigned-number decimal integer or real number, no sign
integer decimal integer, optionally starting with '-'
positive-integer decimal integer, unsigned, not O
string arbitrary string (always the entire attribute value)
single non-whitespace character, or MathML entity reference;
character : . :
whitespace separation is optional
#rgb RGB color value
#rrggbb RGB color value
h-unit unit of horizontal length (allowable units are listed below)
V-unit unit of vertical length (allowable units are listed below)
css-fontfamily explained in CSS subsection, below
html-color-name explained in CSS subsection, below
other italicized words explained in the text for each attribute
form+ one or more instances of form

form* Zero or more instances of form



12 one instance of each form, in sequence, perhaps separated by

whitespace
fi|f2]...|fn any one of the specified forms
[ form] optional instance of form
(form) same as form

that word, literally present in attribute value (unlessit is obviously part
of an explanatory phrase)

quoted symbol that symbol, literally present in attribute value (e.g. "+" or '+')

word in plain text

The order of precedence of the syntax notation operatorsis, from highest to lowest precedence:

form+ or form*
f1f2...fn  (sequence of forms)
f1|f2]...|fn (alternative forms)

A string can contain arbitrary characters which are specifiable within XML CDATA attribute
values; it must use entity references for certain characters, as described earlier. It can contain
XML-format entity or character references for any of the characters listed in Chapter 6. No
syntax rulein MathML includes string as only part of an attribute value, only as the entire
value.

A character consists of a single non-whitespace character or entity reference.

As asimple example, the permissible values of boolean attributes are specified ast r ue |
f al se, meaning that the entire attribute value should be either "true" or "false".

Adjacent keywords and/or numbers must be separated by whitespace in the actual attribute
values, except for unit identifiers (symbolized by h-unit or v-unit syntax symbols) following
numbers. Whitespace is not otherwise required, but is permitted between any of the tokens
listed above, except (for compatibility with CSS1) immediately before unit identifiers, between
the'-' signs and digits of negative numbers, or between # and rgb or rrgghbb.

Numeric attribute values for dimensions that should depend upon the current font can be given
in font-related units, or in named absol ute units (described in aseparate subsection below).
Horizontal dimensions are conventionally given in "ems", and vertical dimensionsin "exs', by
immediately following a number by one of the unit identifiers emor ex. For example, the
horizontal spacing around an operator such as"+" is conventionally givenin "ems’, though
other units can be used. Using font-related units is usually preferable to using absolute units,
sinceit allows renderings to grow or shrink proportionately to the current font size.

For most numeric attributes, only those in a subset of the expressible values are sensible; values
outside this subset are not errors, unless otherwise specified, but rather are rounded up or down
(at the discretion of the renderer) to the closest value within the allowed subset. The set of
allowed values may depend on the renderer, and is not specified by MathML.

If anumeric value within an attribute value syntax description is declared to allow aminus sign



(-"), e.g. number or integer, it is not a syntax error to provide one, even if anegative valueis not
sensible. Instead, the value should be handled by the processing application as described in the
preceding paragraph. An explicit plus sign (‘+') is not allowed as part of a numeric value except
when it is specifically listed in the syntax (as a quoted '+' or "+"), and its presence can change
the meaning of the attribute value (as documented with each attribute which permitsit).

The symbols h-unit, v-unit, css-fontfamily, and html-color-name are explained in the following
subsections.

Attributes with units

Some attributes accept horizontal or vertical lengths as numbers followed by a"unit identifier"
(often just called a"unit"). The syntax symbols h-unit and v-unit refer to a unit for horizontal or
vertical length, respectively. The possible units and the lengths they refer to are shown in the
table below; they are the same for horizontal and vertical lengths, but the syntax symbols are
distinguished in attribute syntaxes as areminder of the direction they are each used in.

The unit identifiers and meanings are taken from [CSS1. (However, the syntax of numbers
followed by unit identifiersin MathML is not identical to the syntax of length values with units
in CSS style sheets, since numbersin CSS can't end with decimal points, and are allowed to
start with '+' signs.)
The possible horizontal or vertical unitsin MathML are:

Unit identifier Unit description

em ems (font-relative unit traditionally used for horizontal lengths)
ex exs (font-relative unit traditionally used for vertical lengths)

pX pixels, or pixel size of a"typical computer display”

in inches (1 inch = 2.54 centimeters)

cm centimeters

mm millimeters

pt points (1 point = 1/72 inch)

pc picas (1 pica= 12 points)

% percentage of default value

The typesetting units em and ex are defined in the [Glossaryl, and discussed further under
"Additional notes’, below.

%is a"relative unit"; when an attribute value is given as "nnn%" (for any numeric value nnn),
the value being specified is the default value for the property being controlled multiplied by nnn
divided by 100. The default value (or the way in which it is obtained, when it is not constant) is
listed in the table of attributes for each element, and its meaning is described in the subsequent
documentation about that attribute. (The <mpadded> element hasits own syntax for %and
does not allow it asaunit identifier.)
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For consistency with CSS, length unitsin MathML are rarely optional. When they are, the unit
symbol is enclosed in square brackets in the attribute syntax, following the number it appliesto,
eg.nunber [ h-unit ].Themeaning of specifying no unit isgiven in the documentation
for each attribute; in genera it is that the number given isamultiplier for the default value of
the attribute. (In such cases, specifying the number nnn without a unit is equivalent to
specifying the number nnn times 100 followed by % For example, <nb maxsi ze="2"> (
</ no>isequivaent to<nmo nmaxsi ze="200% > ( </ npb>))

As aspecial exception (also consistent with CSS), a numeric value equal to 0 need not be
followed by aunit identifier even if the syntax specified here requires one. In such cases, the
unit identifier (or lack of one) would not matter, since O times any unit is 0.

For most attributes, the typical unit which would be used to describe them in typesetting is the
same as the one used in that attribute's default value in this specification; when a specific
default value is not given, the typical unit is usually mentioned in the syntax table or in the
documentation for that attribute. The typical unit isusually emor ex. However, any unit can be
used, unless otherwise specified for a specific attribute.

Additional notes about units

Note that some attributes (e.g. framespacing on <mtable>) can contain more than one numeric
value, each followed by its own unit.

It is conventional to use the font-relative unit ex mainly for vertical lengths, and emmainly for
horizontal lengths, but thisis not required. These units are relative to the font and fontsize
which would be used for rendering the element in whose attribute value they are specified,
which means they should be interpreted after attributes such as fontfamily and fontsize are
processed, if those occur on the same element, since changing the current font or fontsize can
change the length of these units.

The definition of the length of each unit (but not the MathML syntax for length values) isas
specified in CSS1|, except that if afont provides specific values for em and/or ex which differ

from the values defined by CSS1 (the font size and 'x'-height respectively), those values should
be used.

CSS-compatible attributes

Several MathML attributes, listed below, correspond closely with text rendering properties
defined by Cascading Style Sheets, Level 1 (CSSI).

The names and acceptable values of these attributes have been aligned with the CSS1
recommendation where possible. In general, the MathML syntax for each attribute is intended
to be a subset of the CSS syntax for the corresponding property. Differencesin detail, where
they exist, are explained with the documentation about each attribute, in the sections of this
specification listed in the table.
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The syntax of certain attributesis partialy specified, in the tables of attribute syntax in this
gpecification, using one of the symbols css-fontfamily or html-color-name, as shown in the
following table. These symbols refer to syntaxes from other W3C Recommendations, and are
explained in the sections of this specification referred to in the table.

MathML attribute CSSproperty syntax symbol MathML elements refer to

- o _ presentation tokens, on
fontsize font-size <mstyle> Section 3.2.1
_ o ] presentation tokens, fion
fontweight font-weight <mstyle> Section 3.2.1

) ] presentation tokens,
fontstyle font-style <mstyle> Section 3.2.1
fontfamily font-family css-fontfamily presentation tokens, Section 3.2.1
<mstyle>
i ] presentation tokens,
color color html-color-name <mstyle> Section 3.3.4
background background html-color-name  <mstyle> Section 3.3.4

See also Section 2.3.4 below for a discussion of the class, style, and id attributes for use with
style sheets.

Order of processing attributes vs. style sheets

CSS or analogous style sheets specify changes to rendering properties of selected MathML
elements (selecting the elements in various ways). Either the properties listed above, or any
other MathML rendering attributes or properties supported by a style sheet mechanism, can be
affected, in principle for any element. Since rendering properties can also be changed by
attributes on an element, or automatically (which can happen to fontsize, as explained in the
discussion on scriptlevel inSection 3.3.4), it is necessary to specify the relative order in which
changes from various sources occur. In the case of "absolute" changes, i.e. setting a new
property value independent of the old value (as opposed to "relative” changes, such as
increments or multiplications by afactor), the absolute change performed last will be the only
absolute change which is effective, so the sources of changes which should have the highest
priority must be processed |ast.

In the case of CSS1, the order of processing of changes from various sources which affect one
MathML element's rendering properties should be as follows:

(first changes; lowest priority)
 automatic changes to properties or attributes based on the type of the parent element, and
this element'’s position in the parent, as for the changesto fontsize in relation to

scriptlevel mentioned above; such changes will usually be implemented by the parent
element itself before it passes a set of rendering propertiesto this element

« style sheet from reader: styles which are not declared "jmportant”
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« explicit attribute settings on this MathML element

« style sheet from author: styles which are not declared "important”

« style sheet from reader: styles which are declared "important”

« style sheet from author: styles which are declared "important”
(last changes; highest priority)

Note that the order of the various CSS-style sheet-derived changesisspecified by CSS itself.

The following rationale is related only to the issue of where in this preexisting order the
changes caused by explicit MathML attribute settings should be inserted.

Rationale: MathML rendering attributes are analogous to HTML rendering attributes such as
ALIGN, which the CSS1 section on [cascading order specifies should be processed with the

same priority. Furthermore, this choice of priority permits readers, by declaring certain CSS
styles as "important", to decide which of their style preferences should override explicit
attribute settingsin MathML. Since MathML expressions, whether composed of " presentation”
or "content" elements, are primarily intended to convey meaning, with their "graphic design” (if
any) intended mainly to aid in that purpose but not to be essentia init, it islikely that readers
will often want their own style preferences to have priority; the main exception will be when a
rendering attribute is intended to alter the meaning conveyed by an expression, whichis
generally discouraged in the presentation attributes of MathML.

Default values of attributes

Default values for MathML attributes are in genera given along with the detailed descriptions
of specific elementsin the text. Default values shown in plain text, in the tables of attributes for
an element, are literal (unlessthey are obviously explanatory phrases), but when italicized are
descriptions of how default values can be computed.

Default values described as inherited are taken from the rendering environment, as described
under Kmstyle>, or in some cases (described individually) from the values of other attributes of
surrounding elements, or from certain parts of those values. The value used will always be one
which could have been specified explicitly, had it been known; it will never depend on the
content or attributes of the same element, only on its environment. (What it means when used
may, however, depend on those.)

Default values described as automatic should be computed by a MathML renderer in away
which will produce a high-quality rendering; how to do thisis not usually specified by
MathML. The value computed will always be one which could have been specified explicitly,
had it been known, but it will usually depend on the element content and/or the rendering
environment.

Other italicized descriptions of default values which appear in the tables of attributes are
explained for each attribute individually.
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The single or double quotes which are required around attribute valuesin an XML start tag are
not shown in the tables of attribute value syntax for each element, but are shown around
example attribute values in the text.

Note that, in general, there is no value which can be given explicitly for aMathML attribute
which will ssmulate the effect of not specifying the attribute at all, for attributes which are
inherited or automatic. Giving the words "inherited" or "automatic" explicitly will not work,
and is not generally allowed. Furthermore, even for presentation attributes for which a specific
default value is documented here, the element (Section 3.3.4) can be used to change
thisfor the elements it contains. Therefore, the MathML DTD declares most presentation
attribute default values as #MPLIED, which prevents XML preprocessors from adding them
with any specific default value.

Attribute values in the MathML DTD

Inan XML DTD, allowed attribute values can be declared as general strings, or they can be
constrained in various ways, either by enumerating the possible values, or by declaring them to
be certain special datatypes. The choice of an XML attribute type affects the extent to which
validity checks can be performed using aDTD.

The MathML DTD specifies formal XML attribute types for all MathML attributes, including
enumerations of legitimate values in some cases. In general, however, the MathML DTD is
relatively permissive, frequently declaring attribute values as strings; thisis done to provide for
interoperability with SGML parsers while allowing multiple attributes on one MathML element
to accept the same values (such as "true" and "false"), and also to allow extension to the lists of
predefined values.

At the same time, even though an attribute value may be declared as a string inthe DTD, only
certain values are legitimate in MathML, as described above and in the rest of this specification.
For example, many attributes expect numerical values. In the sections which follow, the
allowed attribute values are described for each element. To determine when these constraints
are actually enforced in the MathML DTD, consult JAppendix Al. However, lack of enforcement
of arequirement in the DTD does not imply that the requirement is not part of the MathML
language itself, or that it will not be enforced by a particular MathML renderer. (See Section
[7.2.2 for a description of how MathML renderers should respond to MathML errors.)

Furthermore, the MathML DTD is provided for convenience; although it is intended to be fully
compatible with the text of the specification, the text should be taken as definitive if thereisa
contradiction. (Any contradictions which may exist between various chapters of the text should
be resolved by favoring Chapter 6 first, then Chapters 3 and 4, then Section 2.3, and then other
parts of the text.)
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2.3.4 Attributes Shared by all MathML Elements

In order to facilitate compatibility with Cascading Style Sheets, Level 1 (CSSI), all MathML
elements accept class, style, and id attributes in addition to the attributes described specifically
for each element. MathML renderers not supporting CSS may ignore these attributes. (MathM L
specifies these attribute value syntaxes as general strings, even if style sheet mechanisms have
more restrictive syntaxes for them. That is, any value for them isvalid in MathML.)

Renderers supporting CSS (or analogous style sheet mechanisms) may use these attributes to
help determine which MathML elements should be subject to which style sheet-induced
changes to various rendering properties. The properties that can be affected, and how these
changes affect them, are discussed in the subsection CSS-compatible attributes in Section 2.3.3

above.

Every MathML element also accepts the attribute other (Section [7.2.3) for passing

non-standard attributes without violating the MathML DTD. MathML renderers are only
required to process this attribute if they respond to any attributes which are not standard in
MathML.

See also Section 3.2.1 for alist of MathML attributes which can be used on most presentation
token elements.

2.3.5 Collapsing Whitespace in Input

MathML ignores whitespace occurring outside token elements. Non-whitespace characters are
not alowed there. Whitespace occurring within the content of token elementsis"trimmed"
from the ends (i.e. al whitespace at the beginning and end of the content is removed), and
"collapsed” internally (i.e. each sequence of 1 or more whitespace charactersis replaced with
one blank character).

In MathML, asin XML, "whitespace" means blanks, tabs, newlines, or carriage returns, i.e.
characters with hexadecimal Unicode codes U+0020, U+0009, U+000a, or U+000d,
respectively.

For example, <no> ( </ no> isequivaent to <no>( </ no>, and

<nt ext >
Theor em
1:

</ nt ext >

Isequivalent to <nt ext >Theorem 1: </ nt ext >,

Authors wishing to encode whitespace characters at the start or end of the content of a token, or
In sequences other than a single blank, without having them ignored, must use & nbsp; or other
"whitespace" non-marking entities as described in [section 6.2.1. For example, compare
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<nt ext >
Theor em
1:
</ nt ext >
with

<nt ext >
&nbsp; Theor em&NewlLi ne; &nbsp; 1:
</ nmt ext >

When the first example is rendered, there is no whitespace before "Theorem™, one blank
between "Theorem" and "1:", and no whitespace after "1:". In the second example, asingle
blank is rendered before "Theorem", anew lineis placed after "Theorem", two blanks are
rendered before "1:", and there is no whitespace after the "1:".

Note that the "xml:space" attribute does not apply in this situation since XML processors pass
whitespace in tokens to a MathML processor; it isthe MathML processing rules which specify
that whitespace is trimmed and collapsed.

For whitespace occurring outside the content of the token elements mi, mn, mo, ms, mtext, ci,
cn and annotation, an mspace element should be used, as opposed to an mtext element
containing only "whitespace" entities.

Next: Presentation Markup -- Introduction
Up: [Table of Contents
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o 3.4.4 <munder> -- attach an underscript to a base
o B.4.5 <mover> -- attach an overscript to a base

o 3.4.6 <munderover> -- attach an underscript-overscript pair to a base

o B.4.7/ <mmultiscripts> -- attach prescripts and tensor indices to a base
« B.5 Tables and Matrices

o B.0.1 <mtable> -- table or matrix

0 B.0.2<mitr>-- row in atable or matrix

0 B.9.3 <mtd> -- one entry In atable or matrix

o B.5.4 <maligngroup/> and <malignmar k/> -- alignment markers

o 3.6 Enlivening Expressions

o B.6.1 <maction> -- bind actions to a subexpression

3.1 Introduction

This chapter specifies the "presentation” elements of MathML, which can be used to describe
the layout structure of mathematical notation. It is strongly recommended that one read

on MathML syntax and grammar before reading Chapter 3. Section 2.3 contains important

information on MathML notations and conventions which are necessary for understanding some
of the material in this chapter.

3.1.1 What Presentation Elements Represent

Presentation elements correspond to the "constructors” of traditional math notation -- that is, to
the basic kinds of symbols and expression-building structures out of which any particular piece
of traditional math notation is built. They are designed to be medium-independent, in the sense
that there are sensible ways to render them in audio, as well asin traditional visual mediafor
math. Because of the importance of traditional visual notation, the descriptions of which
notational constructs the elements represent, and how they are typically rendered, is often given
herein visual terms. However, the elements have been designed to contain enough information
for good spoken renderings as well, provided the conventions described herein for their proper
use are followed. Some attributes of these elements may make sense only for visual media, but
most attributes can be treated in an analogous way in audio aswell (for example, by a
correspondence between time duration and horizontal extent).

One major anticipated use of MathML is to describe mathematical expressions within HTML
documents, using multiple MathML expressions embedded in some manner in an HTML
document. Note that HTML in general describeslogical structures such as headings,
paragraphs, etc. but only suggests (i.e. does not require) specific ways of rendering various
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logical parts of the document, in order to allow for medium-dependent rendering and for
individual preferences of style; MathML presentation elements are fully compatible with this
philosophy. This specification describes suggested visual rendering rulesin some detail, but a
particular MathML renderer isfreeto useitsown rules aslong asits renderings are intelligible.

The presentation elements are meant to express the syntactic structure of math notation in much
the same way astitles, sections, and paragraphs capture the higher level syntactic structure of a
textual document. Because of this, for example, asingle row of identifiers and operators, such
as"x+a/b", will often be represented not just by one <mrow> element (which rendersas a
horizontal row of its arguments), but by multiple nested <mr ow> elements corresponding to the
nested subexpressions of which one mathematical expression is composed -- in this case,

<nT oW~
<m > X </m>
<> + </ np>
<nT ow>
<m > a </m>
<mo> / </ nmo>
<m>b </m>
</ nTr ow>
</ nT ow>

Similarly, superscripts are attached not just to the preceding character, but to the full expression
constituting their base. This structure allows for better-quality rendering of math, especially
when details of the rendering environment such as display widths are not known to the
document author; it also greatly eases automatic interpretation of the mathematical structures
being represented.

Certain extended characters, represented by entity references, are used to name operators or
identifiers which in traditional notation render the same as other symbols, such as
"&DifferentialD;", "& ExponentialE;", or "&Imaginaryl;", or operators which usually render
invisibly, such as"&InvisibleTimes;", "&ApplyFunction;", or "&InvisibleComma;". These are
distinct notational symbols or objects, as evidenced by their distinct spoken renderings and in
some cases by their effects on linebreaking and spacing in visual rendering, and as such should
be represented by the appropriate specific entity references. For example, the expression
represented visually as "f(x)" would usually be spoken in English as"f of x" rather than just "'f
x"; thisis expressible in MathML by the use of the "& ApplyFunction;" operator after the "f",

which (in this case) can be aurally rendered as "of".

The complete list of MathML entitiesis described in Chapter 6.



3.1.2 Terminology Used In This Chapter

The MathML specification uses a number of technical terms to describe MathML-specific rules
and conventions. The most notable example is the attribute value notations and conventions
described in [Section 2.3.3. (See also the brief description of XML terminology in

23.1)

The remainder of this section introduces MathM L -specific terminology and conventions used in
this chapter.

Types of presentation elements

The presentation elements are divided into two classes. Token elements represent individual
symbols, names, numbers, labels, etc. and can have only characters and entity references (or the
vertical alignment element <malignmark/>) as content. Layout schemata build expressions out
of parts, and can have only elements as content (except for whitespace, which they ignore).
There are also afew empty elements used only in conjunction with certain layout schemata.

All individual "symbols* in a mathematical expression should be represented by MathML token
elements. The primary MathML token element types are identifiers (e.g. variables or function
names), numbers, and operators (including fences, such as parentheses, and separators, such as
commas). There are also token elements for representing text or whitespace which has more
aesthetic than mathematical significance, and for representing "string literals' for compatibility
with computer algebra systems. Note that although a token element represents asingle
meaningful “symbol" (name, number, label, mathematical symbol, etc.), such symbols may be
comprised of more than one character. For example si n and 24 are represented by the single
tokens<m >si n</ m > and <mM>24</ nm> respectively.

In traditional mathematical notation, expressions are recursively constructed out of smaller
expressions, and ultimately out of single symbols, with the parts grouped and positioned using
one of asmall set of notational structures, which can be thought of as "expression constructors”.
In MathML, expressions are constructed in the same way, with the layout schemata playing the
role of the expression constructors. The layout schemata specify the way in which
subexpressions are built into larger expressions. The terminology derives from the fact that each
layout schema corresponds to a different way of "laying out" its subexpressionsto form alarger
expression in traditional mathematical typesetting.

Terminology for other classes of elements and their relationships

The terminology used in this Chapter for special classes of elements, and for relationships
between elements, is as follows: The presentation elements are the MathML elements defined
in the chapter. These elements are listed in Section 3.1.5. The content elements are the MathML

elements defined in chapter 4. The content elements are listed in Section 4.4.

A MathML expression is asingle instance of any of the presentation elements with the


http://www.w3.org/1999/07/REC-MathML-19990707/chapter2#sec2.3.1
http://www.w3.org/1999/07/REC-MathML-19990707/chapter2#sec2.3.1
http://www.w3.org/1999/07/REC-MathML-19990707/chap4_4.html#sec4.4

exception of the empty elements <none/> or <mprescripts/>, or isasingle instance of any of
the content elements which are allowed as content of presentation elements (listed in

5.2.7). A subexpression of an expression E is any MathML expression which is part of the
content of E, whether directly or indirectly, i.e. whether it isa"child" of E or not.

A child of alayout schemais also called an argument of that element. Token elements have no
arguments, by definition, even though they can contain the <malignmar k/> element; this
means that a <malignmar k/> element in atoken is not an argument, whereas in alayout
schemait is one.

As a consequence of the above definitions, the content of alayout schema consists exactly of a
sequence of zero or more nonoverlapping e ements which are its arguments (possibly with
Intervening whitespace, which isignored in MathML). Note that an argument is almost always
a subexpression; the only exceptions are the empty elements <none/> and <mpr escripts/>
which are allowed only as special arguments of the <mmultiscripts> element, but are not
subexpressions because they are not MathML expressions as defined above.

Descriptions of presentation elements

Each MathML presentation element is described below in detail. The description starts with the
information needed by authors of MathML (or of programs which generate MathML). The
intended use of each element is described, along with the argument syntax it accepts. (Thereis
also atable of argument count requirements and argument rolesin Section 3.1.3.) The valid
attributes, along with their permissible and default values, are listed, and the effect of each
attribute is discussed.

For certain elements, further information of interest mainly to those implementing MathML
renderersis given in a subsection. Thisincludes many details of one suggested set of rendering
rules which can be used to render MathML expressionsin a manner reminiscent of traditional
visual notation.

3.1.3 Required Arguments

Many of the elements described herein require a specific number of arguments (always 1, 2, or
3). Recall that MathML usesthe term to describe a child element with additional

MathM L-specific requirements, usually related to which position it occupiesin its parent.

In the detailed descriptions of element syntax given below, the number of required argumentsis
implicitly indicated by giving names for the arguments at various positions. The descriptions,
interpreted according to the convention just stated, fully specify the allowed numbers of
arguments for every element defined in this Chapter. A few elements have additional
requirements on the number or type of arguments, which are described with the individual
element. For example, some elements accept sequences of 0 or more arguments -- that is, they
are allowed to occur with no arguments at all.



Note that MathML elements encoding rendered space do count as arguments of the elements
they appear in. See Section 3.2.6 for a discussion of the proper use of such spacelike elements.

Inferred <mrow>s

The elements listed in the following table as requiring exactly 1 argument (<msqgrt>, <mstyle>,
<merror>, <mpadded>, <mphantom>, and <mtd>) actually accept any number of arguments,
but if the number of argumentsis 0, or is more than 1, they treat their contents asasingle
"inferred <mrow>" formed from all their arguments.

For example,

<t d>
</ ntd>

iStreated asif it were

<nt d>
<nT OW>
</ nmr ow>
</ m d>

and

<nmsqrt>
<no> - </ no>
<m> 1 </ m>
</ msqrt>

istreated asif it were

<msqrt>
<nT oW~
<no> - </ no>
<m> 1 </ m>
</ nmr ow>
</ msqrt>

Thisfeature allows MathML data not to contain (and its authors to leave out) many <mrow>
elements which would otherwise be necessary.

In the descriptions in this Chapter of the above-listed elements rendering behaviors, their
content can be assumed to consist of exactly one expression, which may be an <mrow>
element formed from their arguments in this manner. However, their argument counts are
shown in the following table as exactly 1, since they are most naturally understood as acting on
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asingle expression.
Table of argument requirements

For convenience, here is atable of each element's argument count requirements, and the roles of
individual arguments when these are distinguished. Recall that a required argument count of 1
may indicate an nferred <mrow>]

Element Required argument count (and argument roles, when these differ by

position)

0 or more
2 (numerator denominator)
1
2 (base index)
1
1

mpa 1
<mphantom> 1
0 or more
2 (base subscript)
2 (base superscript)
3 (base subscript superscript)
2 (base underscript)
2 (base overscript)
<munderover> 3 (base underscript overscript)

1 or more
(base ( subscript superscript ) * [ <mprescripts/> ( presubscript
presuperscript) * 1)

<mmultiscripts>

<mtable> 0 or more rows (<mtr>s, inferred if necessary)

0 or more table elements (<mtd>s, inferred if necessary)

1

1 or more (argument roles depend on actiontype attribute)

3.1.4 Elements with Special Behaviors

Certain MathML presentation elements exhibit special behaviorsin certain contexts. Such
special behaviors are discussed in the detailed element descriptions below. However, for
convenience, some of the most important classes of special behavior are listed here.
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Certain elements are considered [spacelike; these are defined in Section 3.2.6. This definition
affects some of thesuggested rendering rules for <mo> elements (Section 3.2.4).

Certain elements (e.g., <msup>) are able to embellish operators which are their first argument.
These elements are listed in Section 3.2.4, which precisely defines an "embellished operator”

and explains how this affects the suggested rendering rules for stretchy operators.

Certain elements treat their arguments as the arguments of an "iInferred <mrow>" if they are not
given exactly one argument, as explained in Section 3.1.3.

The <mtable> element can infer <mtr>s around its arguments, and the <mtr> element can
infer <mtd>s, as explained in the sections about those elements.

3.1.5 Summary of Presentation Elements

Token Elements:

identifier
number
operator, fence, or separator

text
space
string literal

General Layout Schemata:

group any number of subexpressions horizontally

form afraction from two subexpressions
<msgrt> form a sguare root sign (radical without an index)
form aradical with specified index

style change

enclose a syntax error message from a preprocessor
Kmpadded> adjust space around content

<mphantom> make content invisible but preserveits size

surround content with a pair of fences

Script and Limit Schemata:

msub attach a subscript to a base
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msup attach a superscript to a base
attach a subscript-superscript pair to a base
attach an underscript to a base
attach an overscript to a base

<munderover> attach an underscript-overscript pair to a base
<mmultiscripts> attach prescripts and tensor indices to a base

Tables and Matrices:

table or matrix

mtr row in atable or matrix

one entry in atable or matrix
<maligngroup/> and <malignmark/> alignment markers

Enlivening Expressions:

maction> bind actions to a subexpression

Next: Presentation Markup -- Token Elements
Up: [Table of Contents
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4.1 Introduction

4.1.1 The Intent of Content Markup

As has been noted in the introductory section of this report, mathematics can be distinguished by its use of a
(relatively) formal language, mathematical notation. However, mathematics and its presentation should not
be viewed as one and the same thing. Mathematical sums or products exist and are meaningful to many
applications completely without regard to how they are rendered aurally or visually. The intent of the
content markup in Mathematical Markup Language is to provide an explicit encoding of the underlying
mathematical structure of an expression, rather than any particular rendering for the expression.

There are many reasons for providing a specific encoding for content. Even a disciplined and systematic use
of presentation tags cannot properly capture this semantic information. This is because without additional
information it isimpossible to decide if a particular presentation was chosen deliberately to encode the
mathematical structure or ssimply to achieve a particular visual or aural effect. Furthermore, an author using
the same encoding to deal with both the presentation and mathematical structure might find a particular
presentation encoding unavailable ssmply because convention had reserved it for a different semantic
meaning.

The difficulties stem from the fact that there are many to one mappings from presentation to semantics and
vice versa. For example the mathematical construct "H multiplied by €" is often encoded using an explicit
operator asin H * e. In different presentational contexts, the multiplication operator might be invisible

"H €", or rendered as the spoken word "times'. Generally, many different presentations are possible
depending on the context and style preferences of the author or reader. Thus, given "H €" out of context it
may be impossible to decide if thisisthe name of a chemical or amathematical product of two variablesH
and e.

Mathematical presentation also changes with culture and time: some expressions in combinatorial
mathematics today have one meaning to an English mathematician, and quite another to a French
mathematician. Notations may lose currency, for example the use of musical sharp and flat symbolsto
denote maxima and minima. [ Chaudry 1954] A notation in use in 1644 for the multiplication mentioned

above was mHe [Cajori, 1928/1929]

When we encode the underlying mathematical structure explicitly, without regard to how it is presented
aurally or visually, we are able to interchange information more precisely with those systems which are able
to manipulate the mathematics. In the trivial example above, such a system could substitute values for the
variables H and e and evaluate the result. Further interesting application areas include interactive textbooks
and other teaching aids.

4.1.2 The Scope of Content Markup

The semantics of general mathematical notation is not a matter of consensus. It would be an enormous job
to systematically codify most of mathematics - atask which can never be complete. Instead, MathML
makes explicit arelatively small number of commonplace mathematical constructs, chosen carefully to be
sufficient in alarge number of applications. In addition, it provides a mechanism for associating semantics
with new notational constructs. In thisway, mathematical concepts that are not in the base collection of tags
can still be encoded (see section 4.2.6).

The base set of content elements are chosen to be adequate for simple coding of most of the formulas used



from kindergarten to the end of high school in the United States, and probably beyond through the first two
years of college, that isup to A-Level or Baccalaureate level in Europe. Subject areas covered to some
extent in MathML are:

« Arithmetic, Algebra, Logic and Relations
» Caculus

o Set Theory

« Sequences and Series

« Trigonometry

o Statistics

o Linear Algebra

It isnot claimed, or even suggested, that the proposed element set is complete for these areas, but the
provision for author extensibility greatly alleviates any problem which omissions from this finite list might
cause.

4.1.3 Basic Concepts of Content Markup

The design of the MathML content elements are driven by the following principles:

« Theexpression tree structure of a mathematical expression should be directly encoded by the
MathML content elements.

« Theencoding of an expression tree should be explicit, and not dependent on the special parsing of
CDATA or on additional processing such as operator precedence parsing.

« Thebasic set of mathematical content constructs that are provided should have default mathematical
semantics.

« There should be a mechanism for associating specific mathematical semantics with the constructs.

The primary goal of the content encoding is to establish explicit connections between mathematical
structures and their mathematical meanings. The content elements correspond directly to parts of the
underlying mathematical expression tree. Each structure has an associated default semantics and thereisa
mechanism for associating new mathematical definitions with new constructs.

Significant advantages to the introduction of content specific tags include:

« Presentation element usage is less constrained. When mathematical semantics are inferred from
presentation markup, processing agents must either be quite sophisticated, or they run the risk of
inferring incomplete or incorrect semantics when irregular constructions are used to achieve a
particular aural or visual effect.

o Itisimmediately clear which kind of information is being encoded simply by the kind tags which are
used.

« Combinations of semantic and presentation tags can be used to convey both the appearance and its
mathematical meaning much more effectively than ssmply trying to infer one from the other.

Expressions described in terms of content elements must still be rendered. For common expressions, default
visual presentations are usually clear. "Take care of the sense and the sounds will take care of themselves'
wrote Lewis Carroll [Carroll 1871]. Default presentations are included in the detail ed description of each

element occurring in section 4.4.

To accomplish these goals, the MathML content encoding is based on the concept of an expression tree. A
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content expression tree is constructed from a collection of more primitive objects, referred to herein as
containers and operators. MathML possesses arich set of predefined container and operator objects, as well
as constructs for combining containers and operators in mathematically meaningful ways. The syntax and
usage of these content elements and constructions is described in the next section.

4.2 Content Element Usage Guide

Since the intent of MathML content markup is to encode mathematical expressions in such away that the
mathematical structure of the expression is clear, the syntax and usage of content markup must be consistent
enough to facilitate automated semantic interpretation. There must be no doubt when, for example, an

actual sum, product or function application isintended and if specific numbers are present there must be
enough information present to reconstruct the correct number for purposes of computation. Of course, it is
still up to aMathML-compliant processor to decide what is to be done with such a content based
expression, and computation is only one of many options. A renderer or a structured editor might simply
use the data and its own built-in knowledge of mathematical structure to render the object. Alternatively, it
might manipulate the object to build a new mathematical object. A more computationally oriented system
might attempt carry out the indicated operation or function evaluation.

The purpose of this section is to describe the intended, consistent usage. The requirements involve more
than just satisfying the syntactic structure specified by an XML DTD. Failure to conform to the usage as
described below will result in aMathML error, even though the expression may be syntactically valid
according tothe DTD.

In addition to the usage information contained in this section, gives acomplete listing of each

content element, providing reference information about about their attributes, syntax, examples and
suggested default semantics and renderings. An informal EBNF grammar describing the syntax for the

content markup is given in gppendix E.
4.2.1 Overview of Syntax and Usage

MathML content encoding is based on the concept of an expression tree. As a general rule, the terminal
nodes in the tree represent basic mathematical objects, such as numbers, variables, arithmetic operations
and so on. The internal nodes in the tree generally represent some kind of function application or other
mathematical construction that builds up a compound object. Function application provides the most
important example; an internal node might represent the application of afunction to several arguments,
which are themselves represented by the terminal nodes underneath the internal node.

The MathML content elements can be grouped into the following categories based on their usage:
» Containers

|

7

These are the building blocks out of which MathML content expressions are constructed. Each category is
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discussed in a separate section below. In the remainder of this section, we will briefly introduce some of the
most common elements of each type, and consider the general constructions for combining them in
mathematically meaningful ways.

4.2.1.1 Constructing Mathematical Objects

Content expression trees are built up from basic mathematical objects. At the lowest level, "leaf nodes," are
encapsulated in non-empty elements that define their type. Numbers and symbols are marked by the token
elements cn and ci. More elaborate constructs such as sets, vectors and matrices are al'so marked using
elements to denote their types, but rather than containing data directly, these container elements are
constructed out of other elements. Elements are used in order to clearly identify the underlying objects. In
thisway, standard XML parsing can be used and attributes can be used to specify global properties of the
objects.

The containers such as <cn>12345</cn> and <ci>x</ci>, represent mathematical numbers and variables.
Below, we will ook at operator elements such as <plus/> or <sin/>, which provide access to the basic
mathematical operations and functions applicable to those objects. Additional containers such as
<set>...</set> for sets, and <matrix>...</matrix> for matrices are provided for representing a variety of
common compound objects.

For example, the number 12345 is encoded as
<cn>12345</cn>

The attributes and CDATA content together provide the data necessary for an application to parse the
number. For example, a default base of 10 is assumed, but to communicate that the underlying data was
actually written in base 8, simply set the "base" attributeto 8 asin

<cn base=" 8" >12345</cn>
while complex number 3 + 4 i can be indicated as
<cn type=" complex" >3<sep/>4</cn>
Such information makes it possible for another application to easily parse thisinto the correct number.

As another example, the scalar symbol v is encoded as

<ci>v</ci>
By default ci elements represent elements from acommutative field (see Appendix R.) If avector is
intended then this fact can be encoded as

<ci type="vector" >v</ci>

Thisinvokes default semantics associated with the vector element, namely an arbitrary element of afinite
dimensional vector space.

By using the ci element we have made clear that we are referring to a mathematical symbol but this does
not say much about how it is rendered. By default a symbol is rendered asif the ci element were actually
the presentation element mi (seefsection 3.2.2). The actual rendering of a mathematical symbol can be made
as elaborate as necessary simply by using the more elaborate presentational constructs (as described in
chapter 3) in the body of the ci element.

The default rendering of a simple cn-tagged object is the same as for the presentation e ement mn with
some provision for overriding the presentation of the CDATA by providing explicit mn tags. Thisis

described in detail in E&ction 4.4 .
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The issues for compound objects such as sets, vectors and matrices are all similar to those outlined above
for numbers and symbols. Each such object has global properties as a mathematical object that impact how
they are to be parsed. This may affect everything from the interpretation of operations that are applied to
them through to how to render the symbols representing them. These mathematical properties are captured
by setting attribute values.

4.2.1.2 Constructing General Expressions

The notion of constructing ageneral expression tree is essentially that of applying an operator to
sub-objects. For example, the sum a + b can be thought of as an application of the addition operator to two
argumentsa and b. In MathML, elements are used for operators for much the same reason that elements are
used to contain objects. They are recognized at the XML parse level and their attributes can be used to
record or modify the intended semantics. For example, with the MathML plus element, setting the type
attribute to vector asin <plustype="vector" /> can communicate that the intended operation is vector
based.

There is aso another reason for using elements to denote operators. Thereisa crucia semantic distinction
between the function itself and the expression resulting from applying that function to zero or more
arguments which must be captured. This is addressed by making the functions self-contained objects with
their own properties and providing an explicit apply construct corresponding to function application. We
will consider the apply construct in the next section.

MathML contains many pre-defined operator elements, covering a range of mathematical subjects.
However, an important class of expressions involve unknown or user-defined functions. For these
situations, MathML provide a genera fn element, which is discussed below.

4.2.1.3 The apply construct

The most fundamental way of building up a mathematical expression in MathML content markup isthe
apply construct. An apply element typically applies an operator to its arguments. It correspondsto a
complete mathematical expression. Roughly speaking, this means a piece of mathematics which could be
surrounded by parentheses or "logical brackets' without changing its meaning.
For example, (x +y) might be encoded as

<appl y><plus/> <ci> x </ci> <ci>y </ci> </apply>

The opening and closing tags of apply specify exactly the scope of any operator or function. The most
typical way of using apply is simple and recursive. Symbolically, the content model can the described as:

<apply> op a b </apply>
where the operands aand b are containers or other content-based el ements themselves, and op is an
operator or function. Note that since apply is a container, this allows apply constructs to be nested to
arbitrary depth.
An apply may in principle have any number of operands:

<apply>op a b [c...] </apply>
For example, (x + y + 2) can be encoded as

<appl y><pl us/ >
<ci> a </ci>
<ci> b </ci>



<ci>c </ci>
</ appl y>

Mathematical expressionsinvolving a mixture of operations result in nested occurrences of apply. For
example, ax + b would be encoded as

<appl y><pl us/ >
<appl y><ti nmes/ >
<ci> a </ci>
<ci> x </ci>
</ appl y>
<ci>b </ci>
</ appl y>

Thereisno need to introduce parentheses or to resort to operator precedence in order to parse the
expression correctly. The apply tags provide the proper grouping for the re-use of the expressions within
other constructs. Any expression enclosed by an apply element is viewed as a single coherent object.

An expression such as (F + G)(x) might be a product, asin

<appl y><ti nmes/ >
<appl y><pl us/ >
<ci> F </ci>
<ci> G </ci>
</ appl y>
<ci> x </ci>
</ appl y>
or it might indicate the application of the function F + G to the argument x. Thisisindicated by constructing
the sum

<appl y><plus/> <ci> F </ci> <ci> G </ci> </ apply>
and applying it to the argument<ci> x </ci> asin

<appl y>
<appl y><pl us/ >
<ci> F </ci>
<ci> G </ci>

</ appl y>
<ci> x </ci>
</ appl y>

Both the function and the arguments may be simple identifiers or more complicated expressions.

Another construction closely related to the use of the apply with operators and argumentsinvolvesthereln
element. Thereln element is used to denote that a mathematical relation holds between its arguments, as
opposed to applying an operator. Thus, the MathML markup for the expression x <y is given by:

<rel n>
<lt/>

<ci> x </ci>



<ci>y </ci>
</rel n>

4.2.1.4 Explicitly defined functions and the fn construct

The most common operations and functions such as <plus/> and <sin/> have been predefined explicitly as
empty elements (see section [section 4.4). They have type and definition URL] attributes, and by changing
these attributes, the author can record that a different sort of algebraic operation isintended. This allows
essentially the same notation to be re-used for a discussion taking place in a different algebraic domain.

Due to the nature of mathematics the notation must be extensible. The key to extensibility is the ability of
the user to define new functions.

It isalways possible to apply arbitrary expressions as if they were functions and to infer their functional
properties directly from that usage as was done in the previous section. However such an approach would
preclude being able to encode the fact that the construct was a function or to record its mathematical
properties except by actualy using it. The fn element is used as a container to construct an actual function
object in much the same way that ci is used to construct a symbol.

To record the fact that F+G is being used semantically asif it were a function, encode it as:

<f n>
<appl y><pl us/ >
<ci >F</ci >
<ci >/ ci >

</ appl y>
</fn>

Its intended semantic role (as afunction) has now been indicated. Furthermore, the definitionURL attribute
of the fn can now be used to point to a written definition of such afunction asin

<fn definitionURL="http://ww. defs.org/function_spaces. ht m #ny_def" >
<appl y><pl us/ >
<ci >F</ci >
<ci >&/ ci >
</ appl y>
</fn>

Thiswould be important information to any application wanting to evaluate or ssmplify such an expression
according to systematic rules provided by an algebra of functions.

To indicate that a matrix isbeing used as an operator encode it as

<f n>
<matri x>

<mat ri Xr ow>
<ci> a </ci>
<ci> b </ci>

</ matri Xrow>

<matri Xr ow>
<ci> ¢ </ci>
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<ci>d </ci>
</ matri xr ow>
</ matri x>
</fn>

A common usage of fn isto describe a completely new function. The definitionURL attribute can then be
used to refer explicitly to the mathematical definition. An example of such a construct is:

<fn definitionURL =" mydefs.html#NewG" > <ci>NewG</ci> </fn>
The definitionURL attribute specifies a URL which provides awritten definition for the NewG. Suggested
default definitions for pre-defined MathML content elements appear in in aformat based on
OpenMath, although there is no requirement that a particular format be used. The role of the

definitionURL attribute is very similar to the role of definitionsincluded at the beginning many
mathematical papers, and which often just refer to a definition used by a particular book.

4.2.1.5 The inverse construct

Given functions, it is natural to have functional inverses. Thisis handled by the inver se e ement.

Functional inverses can be problematic from a mathematical point of view in that it implicitly involves the
definition of an inverse for an arbitrary function F. Even at the K through 12 level the concept of an inverse
F-1 of many common functions F is not used in a uniform way. For example, the definitions used for the
inverse trigonometric functions may differ slightly depending on the choice of domain and/or branch cuts.

MathML adopts the view:

If Fisafunction from adomain D to D', then theinverse G of F isafunction over D' such that
G(F(x)) = xfor xinD.
This definition does not assert that such an inverse existsfor all or indeed any xin D, or that it is
single-valued anywhere. Also, depending on the functions involved, additional properties such as F(G(y)) =
y for yin D' may hold.

The inverse element is applied to a function whenever an inverseis required. For example, application of
theinverse sine function to x (i.e., sin (-1 (x) is encoded as:

<appl y>
<appl y><i nverse/ >
<sin/>
</ appl y>
<ci> x </ci>
</ appl y>
While arcsin is one of the predefined MathML functions, and explicit reference to sin (-1) (x) might occur in
a document discussing possible definitions of arcsin.

4.2.1.6 The declare construct

Consider a document discussing the vectors A = (a,b,c) and B = (d,e,f) and later including the expression V
= A + B. It isimportant to be able communicate the fact that wherever A and B are used they represent a
particular vector. The properties of that vector may determine aspects of operators such as plus.

The simple fact that A is avector can be communicated by using the tagging



<ci type="vector" >A</ci>
but this still does not communicate, for example, which vector isinvolved or its dimensions.

The declare construct is used to associate specific properties or meanings with an object. The actual
declaration itself is not rendered visually (or in any other form). However, it indirectly impacts the
semantics of all affected uses of the declared object.

The scope of adeclaration is, by default, local to the MathML element in which the declaration is made. If
the scope attribute of the declare element is set to "global”, the declaration applies to the entire MathM L
expression in which it appears.

The uses of the declar e element range from resetting default attribute values to associating an expression
with a particular instance of of a more elaborate structure. Subsequent uses of the original expression
(within the scope of the declare) play the same semantic role as would the paired object.

For example, the declaration

<decl ar e>
<ci> A </ci>
<vect or >
<ci> a </ci>
<ci>b </ci>
<ci>c </ci>
</ vect or >
</ decl ar e>

specifiesthat A stands for the particular vector (a,b,c) so that subsequent uses of A asinV = A + B can take
thisinto account. When declar e is used in this way, the actual encoding

<appl y><eq/ >
<ci>V </ci>
<appl y><pl us/ >
<ci> A </ci>
<ci> B </ci>
</ appl y>
</ appl y>
remains unchanged but the expression can be interpreted properly as vector addition.

Thereisno requirement to declare an expression to stand for a specific object. For example, the declaration

<decl are type="vector">
<ci> A </ci>
</ decl are>

specifiesthat A isavector without indicating the number of components or the values of specific
components. The possible values for the type attribute include all the predefined container element names

such asvector, matrix or set. (See[d.3.2.9 type.)

4.2.1.7 The lambda construct

The lambda calculus allows a user to construct a function from a variable and an expression. For example,



the lambda construct underlies the common mathematical idiom illustrated here:
Let f be the function taking x to X2 + 2

There are various notations for this concept in mathematical literature, such as lambda(x, F(x) ) = F or
lambda(x, [F] ) = F, where x isafreevariablein F.

This concept isimplemented in MathML with the lambda element. A lambda construct with n interna
variablesis encoded by alambda element with n + 1 children. All but the last child must be bvar elements
containing the identifiers of the internal variables. The last is an expression defining the function. Thisis
typically an apply, but can also be any container element.

The following constructs lambda(x, sin (x+1)):

<| ambda>
<bvar ><ci > x </ ci ></bvar>
<appl y> <sin/>
<appl y><pl us/ >
<ci> x </ci>
<cn> 1 </cn>
</ appl y>
</ appl y>
</ | anbda>

To use declare and lambda to construct the function f for which f(x) = x2 + x + 3 use:

<decl are type="fn">
<ci>f </ci>
<l anbda>
<bvar ><ci > x </ci></bvar >
<appl y><pl us/ >
<appl y><power />
<ci> x </ci>
<cn> 2 </cn>
</ appl y>
<ci> x </ci>
<cn> 3 </cn>
</ appl y>
</ | anbda>
</ decl are>

The following markup declares and constructs the function J such that J(x,y) = theintegral from x to y of t4
with respect to t.

<decl are type="fn">
<ci>J </ci>
<l ambda>
<bvar ><ci > x </ci></bvar>
<bvar ><ci > y </ci></bvar>
<apply> <int/>
<bvar >



<ci>t </ci>
</ bvar >
<lowimt>
<ci> x </ci>
</lowimt>
<uplimt>
<ci>y </ci>
</fuplimt>
<appl y> <power/ >
<ci>t</ci>
<cn>4</ cn>
</ appl y>
</ appl y>
</ | anbda>
</ decl are>

The function J can then in turn be applied to an argument pair.
4.2.1.8 The use of qualifier elements and the condition construct

The last example of the preceding section illustrates the use of qualifier elements lowlimit, uplimit, and
bvar used in conjunction with the int element. A number of common mathematical constructions involve
additional datawhich is either implicit in conventional notation, such as a bound variable, or thought of as
part of the operator rather than an argument, asis the case with the limits of a definite integral.

Content markup uses qualifier elements in conjunction with a number of operators, including integrals,
sums, series, and certain differential operators. Qualifier elements appear in the same apply element with
one of these operators. In general, they must appear in a certain order, and their precise meaning depends on
the operators being used. For details, seegection 4.2.3.4.

The bvar qualifier element is also used in another important MathML construction. The condition element
is used to place conditions on bound variablesin other expressions. This allows MathML to define sets by
rule, rather than enumeration, for example. The following markup, for instance, encodes the set {x | x < 1}:

<set >
<bvar ><ci > x </ ci ></bvar>
<condi ti on>
<reln><l|t/>
<ci> x </ci>
<cn> 1 </cn>
</rel n>
</ condi tion>
</ set>

4.2.1.9 Rendering of Content elements

While the primary role of the MathML content element set is to directly encode the mathematical structure
of expressions independent of the notation used to present the objects, rendering issues cannot be ignored.
Each content element has a default rendering, given in section 4.4. and several mechanisms (including stylg

attributes, declarations and semantics elements) are provided for associating a particular rendering with an



http://www.w3.org/1999/07/REC-MathML-19990707/chap4_4.html#sec4.4.2.8

object.

4.2.2 Containers

Containers provide a means for the construction of mathematical objects of a given type.

]Tokens ’ci, cn

Constructors

interval, list, matrix, matrixrow,
set, vector, apply, reln, lambda, fn

’Specials ’declare

4.2.2.1 Tokens

Token elements are typically the leaves of the MathML expression tree. Token elements are used to indicate
numbers and symbols.

It is also possible for the canonically empty operator el ements such asKexp/>, Ksin/¥ and Kcos/¥ to be
leavesin an expression tree. The usage of of operator elementsis described in Section 4.2.3.

cn

ci

Thecnl element is the MathML token element used to represent numbers. The supported types of
numbers include: real integer,rational,complex-cartesian, and complex-polar, with real being the
default type. A base attribute (defaulting to base 10) is used to help specify how the content is to be
parsed. The content itself is essentially PCDATA, separated by <sep/> when two parts are needed in
order to fully describe a number. For example, the real number 3 is constructed by <cn type="real" >
3 </cn> while the rational number 3/4 is constructed as <cn type="rational" > 3 <sep/> 4 </cn> The
detailed structure and specifications are provided in section 4.4.1.11.

Thecl| element, or "content identifier" is used to construct a variables, or symbols. A type attribute
indicates the type of object the symbol represents. Typically, they represent real scalars, but no
default is specified. Their content is either CDATA or agenera presentation construct . For example,
<ci >
<msub>
<m >c</ m >
<m>1</ m>
</ msub>
</ci>

encodes an atomic symbol which displays visually as ¢, which, for purposes of content, istreated asa

single symbol representing areal number. The detailed structure and specifications is provided in
section4.4.1.2.

4.2.2.2 Constructors

MathML provides a number of elements for combining elementsinto familiar compound objects. The
compound objects include things like lists, sets. Each constructor produces a new type of object.

interval
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set an

Theinterval element is described in detail insection 4.4.2.4. It denotes an interval on therea line

with the values represented by its children as end points. The closur e attribute is used to qualify the
type of interval being represented. For example,

<i nterval cl osure="open-cl osed">
<ci> a </ci>
<ci> b </ci>
</interval >
represents the open-closed interval often written (a,b].

d list
Thelist and set e ements are described in detail in sections¥4.4.6.1 and 4.4.6.2.

Typicaly, the child elements of a possibly empty list element are the actual components of an
ordered list. For example an ordered list of the three symbols a, b, and c is encoded as

<list> <ci> a</ci> <ci> b </ci> <ci> ¢ </ci> </list>

Alternatively, bvar and condition elements can be used to define lists where membership depends on
satisfying certain conditions.

An order attribute which is used to specify what ordering is to be used. When the nature of the child
elements permits, the ordering defaults to a numeric or lexicographic ordering.

Sets are structured much the same as lists except that there is no implied ordering and the type of set
may be "normal” or "multiset" with "multiset” indicating that repetitions are alowed.

For both sets and lists, the child elements must be valid MathML content elements. The type of the
child elementsis not restricted. For example, one might construct alist of equations, or inequalities.

matrix and matrixrow

vector

The matrix element is used to represent mathematical matrices. It is described in detail in

4.4.10.2. It has zero or more child elements, all of which arematrixrow elements. Thesein turn

expect zero or more child elements which evaluate to algebraic expressions or numbers. These
sub-elements are often real numbers, or symbolsasin

<matri x>
<matri Xxrow> <cn> 1 </cn> <cn> 2 </cn> </ nmatri xr ow>
<matri Xxrow> <cn> 3 </cn> <cn> 4 </cn> </ nmatri xr ow>
</matri x>

The matrixrow elements must always be contained inside of a matrix and all matrixrowsin agiven
matrix must have the same number of elements.

Note that the behavior of the matrix and matrixrow elementsis substantially different from the
mtable and mtr presentation elements.

The vector element isdescribed in detail insection 4.4.10.7. It constructs vectors from a

n-dimensional vector space so that its n child elements typically represent real or complex valued
scalars as in the three-element vector
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apply

reln

fn

<vect or >
<appl y><pl us/ >
<ci> x </ci>
<ci>y </ci>
</ appl y>
<cn> 3 </cn>
<cn> 7 </cn>
</ vector>

The apply element is described in detail insection 4.4.2.1. Its purpose is apply a function or operator

to its arguments to produce an an expression representing an element of the range of the function. It is
involved in everything from forming sums such asa + b asin

<appl y><pl us/ >
<ci> a </ci>
<ci>b </ci>
</ appl y>
through to using the sine function to construct sin(a) asin

<appl y><si n/ >
<ci> a </ci>
</ appl y>
or constructing integrals. Its usage in any particular setting is determined largely by the properties of
the function (the first child element) and as such its detailed usage is covered together with the
functions and operators in section 4.2.3 Functions, Operators and Qualifiers.

Thereln element isdescribed in detail in section 4.4.2.2. It is used to construct an expression such as
a=b,asin

<rel n><eq/ >
<ci> a </ci>
<ci> b </ci>
</rel n>

indicating an intended comparison between two mathematical values.
Such expressions could in principle be regarded as applications of a boolean function, and as such

could be constructed using apply. They have treated as a special class of expressionsin order to
better reflect traditional usage.

The actual structure of expressions constructed using reln is similar to that for the apply element.
The use of reln is described in 4.2.4 Relations.

The fn element is used to identify an expression as a defined function or operator. It is discussed in
detail insection 4.4.2.3. The use of fn isalso described in4.2.3.3. It differs from the lambda element
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in that it does not make any attempt to describe how to map the arguments occurring in any
application of the function into anew MathML expression. Instead, it depends on its definitionURL
attribute to point to a particular meaning.

lambda

The lambda element is used to construct an user-defined function from a an expression and one or
more free variables. The lambda construct with n internal variablestakesn + 1 children. The first
(second, up to n) isabvar containing the identifiers of the internal variables. Thelast isan
expression defining the function. Thisistypically an apply, but can aso be any container element.
The following constructs lambda(x, sin x)

<l anbda>
<bvar ><ci > x </ ci ></bvar >
<appl y>
<sin/>
<ci> x </ci>
</ appl y>
</ | anbda>

The following constructs the constant function lambda(x, 3)

<l anbda>
<bvar ><ci > x </ ci ></bvar>
<cn> 3 </cn>

</ | anbda>

4.2.2.3 Special Constructs

The construct is described in detail infsection 4.4.2.8. It is special in that its entire purposeisto
modify the semantics of other objects. It is not rendered visually or aurally.

The need for declarations arises any time a symbol (including more general presentations) is being used to
represent an instance of an object of a particular type. For example, you may wish to declare that the
symbolic identifier V represents a vector.

The declaration <declar e type=" vector" ><ci>V </ci></declar e> resets the default type attribute of
<ci>V</ci>to vector for all affected occurrences of <ci>V</ci>. This avoids having to write <ci
type=" vector" >V</ci> every time you use the symbol.

More generally, declar e can be used to associate expressions with specific content. For example, the
declaration

<decl ar e>
<ci >F</ ci >
<l anbda>
<bvar ><ci > U </ ci ></ bvar >
<appl y><int/>
<bvar ><ci > x </ci ></bvar>
<lowlimt><cn> 0 </cn></lowMinmt>
<uplimt><ci> a </ci></uplimt>
<ci> U </ci>
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</ appl y>
</ | anbda>
</ decl ar e>

associates the symbol F with anew function defined by the lambda construct. Within the scope where the
declaration isin effect, the expression

<appl y><ci >F</ ci >
<ci> U </ci>
</ appl y>
stands for the integral of U from O to a.

The declar e element can also be used to change the definition of afunction or operator. For example, if the
URL "HTTP://../.MATHML:NONCOMMUTPLUS" described a nhon-commutative plus operation then the
declaration

<decl are definiti onURL="HTTP://. ../ MATHVL: NONCOVWWUTPLUS" >
<pl us/>
</ decl ar e>

would indicate that all affected uses of plus areto be interpreted as having that definition of plus.

4.2.3 Functions, Operators and Qualifiers

Table of Operators

]unary arithmetic

]exp, factorial, abs, conjugate

]unary logical

’not

’unary functional

’inverse ,ident

unary trigonometric

sin, cos, tan, sec, csc, cot, sinh, cosh, tanh, sech, csch, coth, arcsin,
ar ccos, arctan

]unary linear algebra

]deter minant, transpose

’unary calculus ’In, log

]binary arithmetic ]quotient, divide, minus, power, rem
]binarylogical ]impli%

]bi nary set operators ]setdiff

’n-ary arithmetic

’plus, times, max, min, gcd

]n-ary Statistical

]mean, sdev, variance, median, mode

’n-ary logical ’and, or, Xor
]n—ary linear algebra ]selector

]n—ary set operator ]union, inter sect
’n-ary functional ]fn, compose

’integra], sum, product operator ’int, sum, product

]differenti al operator

’diff, partialdiff

|quantifier

forall, exists




From the point of view of usage, MathML regards functions (eg. sin, cos) and operators (eg. plus, times) in
the same way. MathML predefined functions and operators are all canonically empty elements

Note: The fn element can be used to construct a user-defined function or operator. fn is discussed in more
detail below.

4.2.3.2 MathML predefined functions and operators

MathML functions can be used in two ways. They can be used as the operator within an apply element, in
which case they refer to afunction evaluated at a specific value. For example,

<appl y><si n/ ><cn>5</ cn></ appl y>
denotes areal number, namely sin(5).

MathML functions can aso be used as arguments to other operators, for example
<appl y><pl us/ ><si n/ ><cos/ ></ appl y>

denotes afunction, namely the result of adding the sine and cosine functions in some function space. (The
default semantic definition of plusis such that it infers what kind of operation isintended from the type of
its arguments.)

The number of child elementsin the apply is defined by the element in thefirst (i.e. operator) position.
Unary operators are followed by exactly one other child element within the apply.

Binary operators are followed by exactly two child elements.

N-ary operators are followed by zero or more child elements.

The one exception to these rulesis that declar e elements may be inserted in any position except the first.
declar e elements are not counted when satisfying the child element count for an apply containing a unary
or binary operator element.

Integral, sum, product and differential operators are discussed below in section 4.2.3.4 Operators takingd

Oualifiers.

4.2.3.3 The fn element

In MathML, only functions and operators can be applied to arguments. In order to provide away of
applying functions constructed out of other functions, or functions other than the functions provided by the
content elements, MathML provides the fn element. The fn element accepts any valid MathML expression
as content, and alows it to be used as a content function. It is an error for the fn element to have no content.

One typical way of using the fn element is with author-named functions, such as f(5), encoded as:
<appl y>
<f n><ci >f </ ci ></fn>
<cn> 5 </cn>
</ appl y>
Another common useis to designate the result of combining several functions as afunction again: (sin +
cos)(2):

<appl y>
<f n>



<appl y>
<pl us/ >
<sin/>
<cos/ >
</ appl y>
</ fn>
<ci >z</ci >

</ appl y>
4.2.3.4 Operators taking Qualifiers

Table of Qualifiers and Operators taking Qualifiers

]qualifiers’lowlimit, uplimit, bvar, degree, logbase, interval, condition
’operators’int, sum, product, diff, partialdiff, l[imit, log, moment, min, max, forall, exists

Operators taking qualifiers are canonically empty functions which differ from ordinary empty functions
only in that they support the use of specia "qualifier" elementsto specify their meaning more fully. They
are used in exactly the same way as ordinary operators, except that when they are used as operators, certain
gualifier elements are also permitted to be in the enclosing apply. They always precede the argument if it is
present. If more than one qualifier is present, they appear in the order bvar lowlimit uplimit interval
condition degree logbase. A typical exampleis:
<appl y>
<int/>
<bvar ><ci >x</ ci ></ bvar >
<lowimt><cn>0</cn></lowWimt>
<uplimt><cn>1</cn></uplimt>
<appl y>
<power />
<ci >x</ ci >
<cn>2</cn>
</ appl y>
</ appl y>

It isalso valid to use qualifier schema with a function not applied to an argument. For example, afunction
acting on integrable functions on the interval [0,1] might be denoted:

<f n>
<appl y>
<int/>
<bvar ><ci >x</ ci ></ bvar >
<lowimt><cn>0</cn></lowWimt>
<uplimt><cn>l</cn></uplimt>
</ appl y>
</fn>
The meaning and usage of qualifier schema varies from function to function. The following list summarizes
the usage of qualifier schemawith the MathML functions taking qualifiers.

Int



The int function accepts the lowlimit, uplimit, bvar, interval and condition schema. If both
lowlimit and uplimit schema are present, they denote the limits of a definite integral. The domain of
integartion may alternatively be specified using interval or condition The bvar schemasignifiesthe
variable of integration. When used with int, each qualifier schemais expected to contain asingle
child schema; otherwise an error is generated.

diff

The diff function accepts the bvar schema. The bvar schema specifies with respect to which variable
the derivative is being taken. The bvar may itself contain a degr ee schemawhich is used to specify
the order of the derivative, i.e. afirst derivative, a second derivative, etc. For example, the second
derivative of f with respect to xis:

<appl y><di ff/>
<bvar >
<ci> x </ci>
<degr ee>
<cn> 2 </cn>
</ degr ee>
</ bvar >
<appl y><f n><ci >f </ ci ></ f n>
<ci> x </ci>
</ appl y>
</ appl y>
partialdiff

The partialdiff function accepts zero or more bvar schema. The bvar schema specify with respect to
which variables the derivative is being taken. The bvar elements may themselves contain degree
schemawhich are used to specify the order of the derivative. Variables specified by multiple bvar
elements will be used in order as the variable of differentiation in mixed partials. When used with
partialdiff, the degr ee schema is expected to contain a single child schema. For example,
<appl y>
<partialdiff/>
<bvar ><ci >x</ ci ></ bvar >
<bvar ><ci >y</ ci ></ bvar >
<f n><ci >f </ ci ></fn>
</ appl y>
denote the mixed partial (d2 / dx dy) f.
sum, product

The sum and product functions accept the bvar, lowlimit, uplimit, interval and condition schema.
If both lowlimit and uplimit schema are present, they denote the limits of the sum/product. The
limits may aternatively be specified using the interval or condition schema. The bvar schema
signifies the index variable in the sum or product. A typical example might be:
<appl y>

<suni >

<bvar ><ci >i </ ci ></ bvar >

<lowimt><cn>0</cn></lowWimt>

<upl i m t><cn>100</cn></uplimt>



<appl y>
<power/ >
<ci >x</ci >
<ci >i </ ci >
</ appl y>
</ appl y>
When used with sum or product, each qualifier schemais expected to contain a single child schema;
otherwise an error is generated.

limit
The limit function accepts zero or more bvar schema and optional condition and lowlimit schema.
A condition may be used to place constraints on the bvar. The bvar schema denotes the variable
with respect to which the limit is being taken. The lowlimit schema denotes the limit point. When

used with limit, the bvar and lowlimit schemata are expected to contain a single child schema;
otherwise an error is generated.

The log function accepts only the logbase schema. If present, the logbase schema denotes the base
with respect to which the logarithm is being taken. Otherwise, the log is assumed to be base 10.
When used with log, the logbase schema is expected to contain a single child schema; otherwise an
error is generated.

moment

The moment function accepts only degr ee schema. If present, the degr ee schema denotes the order
of the moment. Otherwise, the moment is assumed to be the first order moment. When used with
moment, the degr ee schema is expected to contain a single child schema; otherwise an error is
generated.

min, max

The min and max functions accept abvar schemain cases where the max or min is being taken over
aset of values specified by a condition schema together with an expression to be evaluated on that
set. The min and max functions are unique in that they provide the only context in which the bvar
element is optional when using a condition; if acondition element containing asingle variableis
given by itself following amin or max operator, the variable isimplicitly assumed to be bound, and
the expression to be maximized or minimized is assumed to be the identity.

The min and max elements may also be applied to alist of valuesin which case no qualifier
schemata are used. For examples of all three usages, seesection 4.4.3.5

forall, exists

The universal and existential quantifier operators forall and exists are used conjuction with one or
more bvar schemata to represent simple logical assertions. There are two ways of using the logical
quantifier operators. Thefirst usage is for representing a simple, quantified assertion. For example,
the statement "there exists x < 9" would be represented as:

<appl y>
<exi sts/ >
<bvar ><ci > x </ci ></bvar >
<reln><lt/>
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<ci > x </ci><cn> 9 </cn>
</rel n>
</ appl y>
The second usage is for representing implications. Hypotheses are given by a condition element

following the bound variables. For example the statement "for all x <9, x < 10" would be represented
as.

<appl y>
<forall/>
<bvar ><ci > x </ci ></bvar>
<condi ti on>
<apply><It/>
<ci> x </ci><cn> 9 </cn>
</ appl y>
</condition>
<reln><lt/>
<ci> X </ci><cn> 10 </cn>
</rel n>
</ appl y>
Note, in both usages one or more bvar qualifier is mandatory.

4.2.4 Relations

]bi nary relation |neq

’binarylogica] relation|implies

]binaryset relation |in, notin, notsubset, notpr subset
[binary seriesrelation |tendsto

’n-ary relation |eq, leg, It, geg, gt
]n—aryset relation |subset, prsubset

The MathML content tags include a number of canonically empty elements which denote arithmetic and
logical relations. Relations are characterized by the fact that, if an external application were to evaluate
them (MathML does not specify how to evaluate expressions), they would typically return atruth value. By
contrast, operators generally return avalue of the same type as the operands. For example, the result of
evaluating a < biseither true or false (by contrast, 1 + 2 is again a number).

Relations are bracketed with their arguments using the reln element in much the same way that other
functions are bracketed with apply. The relation element is the first child element of the reln. Thus, the
example from the preceding paragraph is properly marked up as:
<rel n>
<It/>
<ci >a</ci >
<ci >b</ci >
</rel n>

It isan error to enclose arelation in an element other than reln.



The number of child elementsin thereln is defined by the element in the first (i.e. relation) position.
Unary relations are followed by exactly one other child element within thereln.

Binary relations are followed by exactly two child elements.

N-ary relations are followed by zero or more child elements.

The one exception to these rules is that declar e elements may be inserted in any position except the first.
declar e elements are not counted when satisfying the child element count for an reln containing a unary or
binary relation element.

4.2.5 Conditions

]condition ]condition |

The condition element is used to define the "such that" construct in mathematical expressions. Condition
elements are used in a number of contextsin MathML. They are used to construct objects like sets and lists
by rule instead of by enumeration. They can be used with the forall and exists operators to form logical
expressions. And finally, they can be used in various ways in conjunction with certain operators. For
example, they can be used with and int element to specify domains of integration, or to specify argument
lists for operators like min and max.

The condition element is almost always used together with one or more bvar elements. The only exception
isaspecial usage with the min and max operators, where the bound variable may be implied. See section

A.4.3.5 for an example of this usage.

The exact interpretation depends on the context, but generally speaking, the condition element is used to
restrict the permissible values of a bound variable appearing in another expression to those which satisfy the
relations contained in the condition. Similarly, when the condition element contains a set, the values of the
bound variables are restricted to that set.

A condition element contains asingle child which istypically areln element, but may also be an apply or a
set element. The apply element is allowed so that severa relations can be combined by applying logical
operators.

Examples:

The following encodes "there exists x such that x° < 3",

<appl y><exi sts/ >
<bvar ><ci > x </ci ></bvar>
<condi ti on>
<reln><l|t/>
<appl y><power/ >
<ci >x</ci >
<cn>5</cn>
</ appl y>
<cn>3</cn>
</rel n>
</ condi tion>


http://www.w3.org/1999/07/REC-MathML-19990707/chap4_4.html#sec4.4.3.5
http://www.w3.org/1999/07/REC-MathML-19990707/chap4_4.html#sec4.4.3.5

</ appl y>

The next example encodes "for al x,y suchthat xX¥ <1l and yXx<x+ y, x < Q(y)".

<appl y><foral |l />
<bvar ><ci >x</ ci ></ bvar >
<bvar ><ci >y</ ci ></ bvar >
<condi ti on>
<appl y><and/ >
<rel n>
<lt/>
<appl y><power/ >
<ci >x</ci >
<ci >y</ci >
</ appl y>
<cn>1</cn>
</rel n>
<rel n>
<It/>
<appl y><power/ >
<ci >y</ci >
<ci >x</ci >
</ appl y>
<appl y><pl us/ >
<ci >y</ci >
<ci >x</ci >
</ appl y>
</rel n>
</ appl y>
</ condi tion>
<reln><|t/>
<ci> x </ci>
<appl y>
<fn><ci > x </ci></fn>
<ci>y </lci>
</ appl y>
</rel n>
</ appl y>
A third example shows the use of quantifiers with condition. The following markup encodes "there exists x
< 3such that x2 = 4".

<appl y>
<exi sts/>
<bvar ><ci > x </ci></bvar>
<condi ti on>
<rel n><| t/ ><ci >x</ ci ><cn>3</cn></rel n>
</ condi tion>
<rel n>



<eq/ >
<appl y>
<power / ><ci >x</ ci ><cn>2</ cn>
</ appl y>
<cn>4</cn>
</rel n>

</ appl y>

4.2.6 Syntax and Semantics

]mappi ngs]semantics, annotation, annotation-xml

The use of content rather than presentation tagging for mathematics is sometimes referred to as "semantic
tagging" [Buswell 1996]. The parse-tree of afully bracketed MathML content tagged element structure
corresponds directly to the expression-tree of the underlying mathematical expression. We therefore regard
the content tagging itself as encoding the syntax of the mathematical expression. Thisis, in general,
sufficient to obtain some rendering and even some symbolic manipulation (e.g., polynomial factorization).

However, even in such apparently ssimple expressions as X + Y, some additional information may be
required for applications such as computer algebra. Are X and Y integers,or functions, etc.? 'Plus represents
addition over which field? This additional information is referred to as Semantic Mapping. In MathML, this
mapping is provided by the semantics, annotation and annotation-xml elements.

The semantics element is the container element for the MathML expression together with its semantic
mappings. semantics expects a variable number of child elements. Thefirst is the element (which may
itself be a complex element structure) for which this additional semantic information is being defined. The
second and subsequent children, if any, are instances of the elements annotation and/or annotation-xml.

The semantics tags also accepts adefinitionURL attribute for use by external processing applications. One
use might be a URL for a semantic content dictionary, for example. Since the semantic mapping
information might in some cases be provided entirely by the definitionURL attribute, the annotation or
annotation-xml elements are optional.

The annotation element is a container for arbitrary data. This data may be in the form of text, computer
algebra encodings, C programs, or whatever a processing application expects. annotation has an attribute
encoding defining the form in use. Note that the content model of annotation is PCDATA, so care must be
taken that the particular encoding does not conflict with XML parsing rules.

The annotation-xml element is a container for semantic information in well-formed XML. For example, an
XML form of the OpenMath semantics could be given. Another possible use hereisto embed, for example,
the presentation tag form of a construct given in content tag form in the first child element of semantics (or
vice versa). annotation-xml has an attribute encoding defining the form in use.

For Example:

<senanti cs>
<appl y> <di vi de/ >
<cn>123</cn>
<cn>456</cn>

</ appl y>



<annot ati on encodi ng="Mat hemati ca">
N[ 123/ 456, 39]
</ annot ati on>

<annot ati on encodi ng="TeX">
$0. 269736842105263157894736842105263157894\ | dot s$
</ annot ati on>

<annot ati on encodi ng="Mapl e" >
eval f (123/ 456, 39);
</ annot ati on>

<annot ati on-xm encodi ng="Mat hM.- Present ati on" >
<nT ow>
<m> 0. 269736842105263157894 </ m>
<nover accent='true'>
<m> 736842105263157894 </ m>
<no> &obar; </no>
</ nover >
</ nr ow>
</ annot ati on-xnl >

<annot ati on-xm encodi ng="Cpenat h" >
<OVA>. . </ OVA>
</ annot ati on- xm >
</ semanti cs>

where <OMA>..</OMA> are the elements defining the additional semantic information.

Of course, providing an explicit semantic mapping at all is optional, and in general would only be provided
where there is some requirement to process or manipulate the underlying mathematics.

4.2.7 Semantic Mappings

Although semantic mappings can easily be provided by various proprietary, or highly specialized
encodings, there are no widely available, non-proprietary standard semantic mapping schemes. In part to
address this need, the goal of the OpenMath effort is to provide a platform-independent, vendor-neutral
standard for the exchange of mathematical objects between applications. Such mathematical objects include
semantic mapping information. The OpenMath group has defined an SGML syntax for the encoding of this
information [OpenMath, 1996]. This element set could provide the basis of one annotation-xml element
Set.

An attraction of this mechanism is that the OpenMath syntax is specified in SGML, so that aMathML
expression together with its semantic annotations can be validated DTD-based parsers.

4.2.8 MathML element types

MathML functions, operators, and relations can al be thought of as mathematical functionsif viewed in a
sufficiently abstract way. For example, the standard addition operator can be regarded as afunction
mapping pairs of real numbersto real numbers. Similarly, arelation can be thought of as a function from



some space of ordered pairs into the set of values {true, false}. To be mathematically meaningful, the
domain and range of a function must be precisely specified. In practical terms, this means that functions
only make sense when applied to certain kinds of operands. For example, thinking of the standard addition
operator, it makes no sense to speak of "adding" a set to afunction. Since MathML content markup seeksto
encode mathematical expressionsin away that can be unambiguously evaluated, it is no surprise that the
types of operandsis an issue.

MathML specifies the types of argumentsin two ways. The first way is by providing precise instructions for
processing applications about the kinds of arguments expected by the MathML content elements denoting
functions, operators and relations. These operand types are defined in adictionary of Default Semantic
Bindings for Content Elements given in Appendix H. For example, the MathML Content dictionary
specifiesthat for real scalar arguments the plus operator is the standard commutative addition operator over
afield. Elements such as cn and ci have type attributes with default values of "real”. Thus some processors
will be able to use thisinformation to verify the validity of the indicated operations.

Although MathML specifies the types of arguments for functions, operators and relations, and provides a
mechanism for typing arguments, a MathML compliant processor is not required to do any type checking.
In other words, a MathML processor will not generate errorsif argument types are incorrect. If the
processor is acomputer algebra system, it may be unable to evaluate an expression, but no MathML error is
generated.

4.3 Content Element Attributes

4.3.1 Content Element Attribute Values

Content element attributes are al of thetype CDATA, that is, any character string will be accepted as valid.
In addition, each attribute has alist of predefined values, which a content processor is expected to recognize
and process. The reason that the attribute values are not formally restricted to the list of predefined valuesis
to allow for extension. A processor encountering a value (not in the predefined list) which it does not
recognize may validly process it as the default value for that attribute.

4.3.2 Attributes Modifying Content Markup Semantics
Each attribute is followed by the elements to which it can be applied.
4.3.2.1 base

cn
indicates numerical base of the number. Predefined values. any numeric string

Default =" 10"
4.3.2.2 closure

interval
indicates closure of the interval. Predefined values: open, closed, open-closed, closed-open.

Default =" closed"



4.3.2.3 definitionURL

fn, declare, semantics,
any oper ator element

points to an external definition of the semantics of the function or construct being declared. The value
isa URL which should point to some kind of definition. This definition overrides the MathM L
default semantics.

At present, MathML does not specify the format in which external semantic definitions should be
given. In particular, there is no requirement that the target of the URL be loadable and parsable. An
externa definition could, for example, define the semantics in human-readable form.

Idedlly, in most situations the definition pointed to by the definitionURL attribute would be some
standard, machine-readable format. However, there are several reasons why MathML does not
require such aformat.

First, no such format currently exists. There are several projects underway to develop and implement
standard semantic encoding formats, most notably the OpenMath effort. But by nature, the
development of a comprehensive system of semantic encoding is avery large enterprise, and while
much work has been done, much additional work remains. Therefore, even though the defintionURL
Is designed and intended for use with aformal semantic encoding language such as OpenMath, it is
premature to require any one particular format.

Another reason for leaving the format of the definitionURL attribute unspecified is that there will
always be situations where some non-standard format is preferable. Thisis particularly truein
situations where authors are describing new ideas.

It is anticipated that in the near term, there will be a variety of renderer-dependent implementations of
the definitionURL attribute. For example, atranslation tool might simply prompt the user with the
specified definition in situations where the proper semantics have been overridden, and in this case,
human-readabl e definitions will be most useful. Other software may utilize OpenMath encodings.
Still other software may use proprietary encodings, or look for definitionsin any of several formats.

As a consequence, authors need to be aware that there is no guarantee a generic renderer will be able
to take advantage of information pointed to by the definitionURL attribute. Of course, when
widely-accepted standardized semantic encodings are available, the definitions pointed to can be
replaced without modifying the original document. However, thisis likely to be labor intensive.

There is no default value for the definitionURL attribute, i.e. the semantics are defined within the
MathML fragment, and/or by the MathML default semantics.

4.3.2.4 encoding

annotation, annotation-xml

indicates the encoding of the annotation. Predefined values MathM L -Pr esentation,
MathM L -Content. Other typical values: TeX, OpenMath

Default =" ", i.e. unspecified.
4.3.2.5 nargs

declare



indicates number of arguments for function declarations. Pre-defined values: " nary" , any numeric
string.

Default =" 1"

4.3.2.6 occurrence

declare

indicates occurrence for operator declarations. Pre-defined values: prefix, infix, function-model

Default =" function-modd"

4.3.2.7 order

list

indicates ordering on the list. Predefined values: lexicographic, numeric

Default =" numeric"

4.3.2.8 scope

declare

indicates scope of applicability of the declaration. Pre-defined values: local, global.
o local meansthe containing MathML element.
o global means the containing math element.

Default =" local"

At present, declarations cannot affect anything outside of the containing math element. Ideally, one
would like to make document-wide declarations by setting the value of the scope attribute to be
"global-document”. However, the proper mechanism for document-wide declarations very much
depends on details of the way in which XML will be embedded in HTML, future XML style sheet
mechanisms, and the underlying document object model.

Since these supporting technologies are still in flux at present, the MathML specification does not
include "global-document” as a pre-defined value of the scope attribute. It is anticipated, however,
that thisissue will be revisited in future revisions of MathML as supporting technologies stabilize. In
the near term, MathML implementors that wish to simulate the effect of a document-wide declaration
are encouraged to pre-process documents in order to distribute document-wide declarations to each
individual math element in the document.

4.3.2.9 type

cn

indicates type of the number. Predefined values: integer, rational, real, float, complex,
complex-polar, complex-cartesian, constant.

Default =" real"

Notes. Each datatype implies that the data adheres to certain formating conventions, detailed below.
If the data fails to conform to the expected format, an error is generated. Details of the individual



formats are:

real: A real number is presented in decimal notation. Decimal notation consists of an optional sign
("+" or "-") followed by astring of digits possibly separated into an integer and a fractional part by a
"decimal point". Some examples are .3, 1, and -31.56. If adifferent BASE is specified, then the digits
are interpreted as being digits computed to that base.

A real number may also be presented in scientific notation. Such numbers have two parts (a mantissa
and an exponent) separated by e. Thefirst part is areal number while the second part is an integer
exponent indicating a power of the base. For example, 12.3e5 represents 12.3 times 10 5.

integer: An integer isrepresented by an optional sign followed by a string of 1 or more "digits".
What a"digit" is depends on the base attribute. If base is present, it specifies the base for the digit
encoding, and it specifiesit base ten. Thus base="16" specifies a hex encoding. When base > 10,
letters are added in alphabetical order as digits. The legitimate values for base are therefore between
2 and 36.

rational: A rational number istwo integers separated by the <sep/> element. If baseis present, it
specifies the base used for the digit encoding of both integers.

complex-cartesian: A complex number is of the form two real point numbers separated by <sep/>.

complex-polar: A complex number is specified in the form of a magnitude and an angle (in radians).
Theraw dataisin the form of two real numbers separated by <sep/>.

constant: The "constant” type is used to denote named constants. For example, an instance of <cn
t ype="const ant " >&pi ; </ cn> should be interpreted as having the semantics of the
mathematical constant Pi. The data for a constant cn tag may be one of the following common

constants:
]&/mbol ]Val ue
]& pi; ]The usua &pi; of trigonometry: approximately 3.141592653...
]& Exponentia E; (or &eg)) ]The base for natural logarithms: approximately 2.718281828 ...
’& Imaginaryl; (or &ii;) ’Square root of -1.
]& gamma; ]Eul er's constant: approximately .5772156649...
’& infin; (or &infty;) ’I nfinity. Proper interpretation varies with context
]&true; ]the logical constant TRUE'
]&fal e ]the logical constant 'FALSE'
]& NotANumber; (or & NaN;) ]represents the result of an ill-defined floating point division
Ci
indicates type of the identifier. Predefined values. integer, rational, real, float, complex,
complex-polar, complex-cartesian, constant, any content element name. The meaning of the
various attribute values is the same as that listed above for the cn element.
Default ="" , i.e. unspecified.
declare

indicates type of the identifier being declared. Predefined values: any content element name.

Default =" ci" , i.e. ageneric identifier



indicates type of the set. Predefined values. nor mal, multiset. "multiset” indicates that repetitions are
alowed.
Default =" normal”

tendsto
indicates the direction from which the limiting value is approached. Predefined values. above, below,
two-sided.

Default = " above"

4.3.3 Attributes Modifying Content Markup Rendering
4.3.3.1type

The type attribute, in addition to conveying semantic information, can be interpreted to provide rendering
information. For examplein

<ci type="vector">V</ci>
arenderer could display abold V for the vector.

4.3.3.2 General Attributes

All content elements support the following general attributes which can be used to modify the rendering of
the markup.

o cClass
o Style
e id

o Other

The class, style and id attributes are intended for compatibility with Cascading Style Sheets, as described in
234

Content or semantic tagging goes along with the (frequently implicit) premise that, if you know the
semantics, you can always work out a presentation form. When an author's main goal isto mark up
re-usable, evaluatable mathematical expressions, the exact rendering of the expression is probably not
critical, provided that it is easily understandable. However, when an author's goal is more along the lines of
providing enough additional semantic information to make a document more accessible by facilitating
better visual rendering, voice rendering, or specialized processing, controlling the exact notation used
becomes more of an issue.

MathML elements accept an attribute other (see(7.2.3) which can be used to specify things not specifically

documented in MathML. On content tags, this attribute can be used by an author to express a preference
between equivalent forms for a particular content element construct, where the selection of the presentation
has nothing to do with the semantics. Examples might be

« inlineor displayed equations
o Script style fractions
« useof x with adot for a derivative over dx/dt



Thus, if aparticular renderer recognized a display attribute to select between script style and display style
fractions, an author might write

<apply other="di splay="scriptstyle"'>
<di vi de/ >
<m> 1 </ m>
<m > x </m>
</ appl y>
to indicate that the rendering 1/x is preferred.

The information provided in the other attribute isintended for use by specific renderers or processors, and
therefore, the permitted values are determined by the renderer being used. It islegal for arenderer to ignore
thisinformation. This might be intentional, in the case of a publisher imposing a house style, or smply
because the renderer does not understand them, or is unable to carry them out.

Next: Content Markup -- The Content Markup Elements
Up: Table of Contents
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5.1 When to Use Mixed Markup

MathML offers authors elements for both content and presentation markup. Whether to use one
or the other, or a mixture of both, depends on what aspects of rendering and interpretation an
author wishes to control, and what kinds of re-use he or she wishes to facilitate.

5.1.1 Why Two Different Kinds of Markup?

Chapters 3 and 4 describe two kinds of markup for encoding mathematical material in
documents:

Presentation markup captures notational structure. It encodes notational structurein a
sufficiently abstract way to facilitate rendering to various media. Thus, the same presentation
markup can be rendered with relative ease on screen in either wide and narrow windows, in
ASCII or graphics, in print, or it can be enunciated in a sensible way when spoken. It does this
by providing information such as grouping of expression parts, classification of symbols, etc.

Presentation markup does not directly concern itself with the mathematical structure or meaning
of an expression. In many situations, notational structure and mathematical structure are closely
related, so a sophisticated processing application may be able to heuristically infer

mathematical meaning from notational structure. However, in practice, the inference of
mathematical meaning from mathematical notation must often be left to the reader.

Employing presentation tags alone may limit the ability to re-use aMathML object in another



context, especially evaluation by external applications.

Content markup captures mathematical structure. It encodes mathematical structurein a

sufficiently regular way in order to facilitate the assignment of mathematical meaning to an
expression by applications. Though the details of mapping from mathematical structure to
mathematical meaning are exceedingly complex, in practice, there is wide agreement about the
conventional meaning of many basic mathematical constructs. Consequently, much of the
meaning of a content expression is easily accessible to a processing application, independently
of where or how it is displayed to the reader. In many cases, content markup could be cut from
aweb browser and pasted into a mathematical software tool (such as future versions of Axiom,
Maple or Mathematica) with confidence that sensible values will be computed.

Since content markup is not directly concerned with how an expression is displayed, a renderer
must infer how an expression should be presented to areader. While a sufficiently sophisticated
renderer and style-sheet mechanism could in principle allow a user to read mathematical
documents using personalized notational preferences, in practice, rendering content expressions
with notational nuances still requires human intervention of some sort.

Employing content tags alone may limit the ability of the author to precisely control how an
expression is rendered.

It isimportant to emphasize that both content and presentation tags are necessary in order to
provide the full expressive capability one would like in a mathematical markup language. Often
the same mathematical notation is used to represent several completely different concepts. For
example, the notation xi may be intended (in polynomial algebra) as the i-th power of the
variable x, or (in vector analysis) as the i-th component of the vector x. In other cases, the same
mathematical concept may be displayed in one of various notations. For instance, the factorial
of a number might be expressed with an exclamation mark, a Gamma function, or a
Pochhammer symbol.

Thus the same notation may represent several mathematical ideas, and, conversely, the same
mathematical idea often has several notations. In order to provide authors with the ability to
precisely control notational nuances while at the same time encoding meanings in a machine
readable way, both content and presentation markup are needed.

In generd, if it isimportant to control exactly how an expression is rendered, presentation
markup will generally be more satisfactory. If it isimportant that the meaning of an expression
can be dependably and automatically interpreted, then content markup will generally be more
satisfactory.

5.1.2 Reasons to Mix Markup

In many common situations, an author or authoring tool may choose to generate either
presentation or content markup exclusively. For example, a programs for trand ating legacy
documents would most likely generate pure presentation markup. Similarly, an educational
software package might very well generate only content markup for evaluation in a computer



algebra system. However, in many other situations, there are advantages to mixing both
presentation and content markup within a single expression.

If an author is primarily presentation-oriented, interspersing some content markup will often
produce more accessible, more re-usable results. For example, an author writing about linear
algebramight write:
<nT ow>
<appl y>
<power/ >
<ci >x</ ci ><cn>2</cn>
</ appl y>
<no>+</ no>
<nmsup>
<m >v</ m ><m>2</ rm>
</ msup>
</ nr ow>

where v is avector and the superscript denotes a vector component, and x isareal variable. On
account of the linear algebra context, avisually impaired reader may have directed his or her
voice synthesis software to render superscripts as vector components. By explicitly encoding
the power, the content markup yields a much better voice rendering than would likely happen
by default.

If an author is primarily content-oriented, there are two reasons to intersperse presentation
markup. First, using presentation markup provides away of modifying or refining how a
content expression is rendered. For example, one might write:

<rel n>
<in/>
<ci ><m fontwei ght="bol d">v</ m ></ci >
<ci >S</ ci >

</rel n>

In this case, the use of embedded presentation markup allows the author to specify that v should
be rendered in boldface.

A second reason to intersperse presentation in content markup is that there is a continually
growing list of areas of discourse which do not have pre-defined content e ements for encoding
their objects and operators. As a consequence, any system of content markup inevitably requires
an extension mechanism which combines notation with semanticsin some way. MathML
content markup specifies several ways of attaching an external semantic definitionsto content
objects. However, it is necessary to use MathML presentation markup to specify how such
user-defined semantic extensions should be rendered.

For example, the "rank" operator from linear algebrais not included as a pre-defined MathM L
content element. Thus, to express the statement

rank(uTv) = 1,



we use the mo presentation element inside a ci element to achieve the proper presentation,
along with a semantics element which binds a semantic definition to the symbol. The mo
element indicates to arenderer that it should use standard operator spacing around the content
identifier "rank”, just asit would for "sin" or "log":

<rel n>
<eq/ >
<appl y>
<f n>
<semanti cs>
<ci ><no>r ank</ no></ ci >
<annot ati on-xm encodi ng="CpenMat h" >
<OM5 CD="Basi cLi nAl g">matri x-r ank</ OVG>
</ annot ati on-xm >
</ semanti cs>
</fn>
<appl y>
<times/>
<appl y>
<transpose/ >
<ci >u</ci >
</ appl y>
<ci >v</ci >
</ appl y>
</ appl y>
<cn>1</cn>
</rel n>

Here, the semantics of the presentation subexpressions have been given using symbols from

content dictionaries (CD).

5.2 How to Mix Markup

The main consideration when presentation markup and content markup are mixed together in a
single expression is that the result should still make sense. When both kinds of markup are
contained in a presentation expression, this means it should be possible to render the resulting
mixed expressions simply and sensibly. Conversely, when mixed markup appears in a content
expression, it should be possible to ssimply and sensibly assign a semantic interpretation to the
expression as whole. These requirements place afew natural constraints on how presentation
and content markup can be mixed in a single expression, in order to avoid ambiguous or
otherwise problematic expressions.

Two motivating examplesillustrate the kinds of problems that must be avoided in mixed
markup. Consider:
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<nrow> <plus/> <m> x </m><m>y </m> </nrow

In this example, the content element plus has been indiscriminately embedded in a presentation
expression. Should the plus sign appear in its usual infix position, asit would in content
markup, or should it render as the first thing in the row? Neither choice is very satisfactory, and
consequently, thiskind of mixing is not allowed. Similarly, consider:

<apply> <ci> x </ci> <np> + </np> <ci>y </ci> </apply>

As before, the mo element is problematic. Should arenderer infer that the usual arithmetic
operator isintended, and act asif the prefix content element plus had been used? Again, thereis
no compelling answer, and thus this kind of mixing of content and presentation markup is also
prohibited.

5.2.1 Presentation Markup Contained in Content Markup

The use of presentation markup within content markup is limited to situations which do not
effect the ability of content markup to unambiguously encode mathematical meaning. More
specificaly, presentation markup may only appear in content markup in three ways:

1. within ci and cn token elements
2. within the fn element
3. within the semantics e ement

Any other presentation markup occurring within a content markup isa MathML error. More
detailed discussion of these three cases follows:

Presentation markup within token elements.

The token elements ci and cn are permitted to contain any sequence of #PCDATA,
presentation elements, and sep empty elements. Contiguous blocks of #PCDATA inci
and fn elements are rendered as if they were wrapped in mi elements. A contiguous
blocks of #PCDATA within cn should be rendered asif wrapped in mn. If atoken
element contains both #PCDATA and presentation elements, contiguous blocks of
#PCDATA (if any) are treated as if wrapped in mi or mn elements as appropriate, and
the resulting collection of presentation elements are rendered as if wrapped in an mrow
element.

The sep element is only meaningful in identifiers and numbers defined to be of complex
type, where it separates #PCDATA into real and imaginary parts. When atoken elements
contains both sep elements and presentation elements, the sep elements are ignored.

Presentation markup within the fn element.
The fn element may contain either #PCDATA interspersed with presentation markup, or

content container elements. It isaMathML error for an fn element to contain both
presentation and content elements. When the fn element contains both raw data and



presentation markup, the same rendering rules that apply to content token elements
should be used.

Presentation markup within the semantics element.

One of the main purposes of the semantics element is to provide a mechanism for
incorporating arbitrary MathML expressions into content markup in a semantically
meaningful way. In particular, any valid presentation expression can be embedded in a
content expression by wrapping it in a semantics element. Of course, the intention is that
the meaning of the wrapped expression should be indicated by one or more annotation
elements also contained in the semantics element. Suggested rendering for a semantics
element is discussed in {.2.6.

5.2.2 Content Markup Contained in Presentation Markup

The guiding principle for embedding content markup within presentation expressionsis that the
resulting expression should still have an unambiguous rendering. In general, this means that
embedded content expressions must be semantically meaningful, since rendering of content
markup depends on its meaning. In practice, this basically trandates into the condition that
content container elements are permitted, while other content elements such as operators,
relations, and qualifier elements are not.

Asarule, content elements other than containers derive part of their semantic meaning from the
surrounding context, such as whether an operator is being applied to arguments or not, or
whether abvar element is qualifying an integral, and so on. Thus, in a presentation context,
these elements do not have a clearly defined meaning, and hence there is no obvious choice for
arendering. Consequently, they are not allowed.

The complete list of content elements which may appear as a child in a presentation element is:

<ci> <cn> <apply> <fn> <lambda>
<ren> <interval> <list> <matrix> <matrixrow>
<sgt> <vector> <declare>

Note that within presentation markup, content expressions may only appear in locations where
itisvalid for any MathML expression to appear. In particular, content expressions may not
appear within presentation token elements. In this regard mixing presentation and content are
asymmetrical.

For rendering purposes, when a permitted content element appears within a presentation
context, a processing application should treat it asif it were replaced with an mrow containing
a presentation encoding of the rendering the application would ordinarily generate for that
content markup. For example, consider:

<nfrac>
<m >x</ m >
<i nterval closure="open-cl osed">



<cn>1</cn>

<cn>3</ cn>

</interval >
</ nfrac>

In this case, avisual renderer would typically render theinterval construct as (1,3]. Using
presentation markup, this might be encoded as:

<nf enced cl ose="]">
<m>1</ m>
<m>3</ m>

</ nf enced>

Consequently, the original mixed markup should be visually rendered as

<nfrac>
<m >x</ m >
<nfenced cl ose="]">
<m>1</ m>
<m>3</ m>
</ nf enced>
</ nfrac>

5.3 Anticipating Macros for Combined Markup

The examples above show that introducing new mathematical content as combined
presentation-content pairsis verbose.

Certainly one can imagine generating this kind of markup with software tools, but it is at the
borderline of what might be deemed tolerable to do by hand.

Thisisone of the areas of the MathML specification which anticipates most strongly the use of
macros. With some kind of HTML/XML macro mechanism, it would be possible, for example,
to define macros

<r ank/ >
and
<tr>X</tr>
which respectively expand to

<f n>
<senanti cs>
<ci ><no>r ank</ no></ ci >
<annot ati on-xm encodi ng="CpenMat h" >
<OVB CD="Basi cLi nAl g">matri x-rank</ OVS>
</ annot ati on-xnl >
</semantics>



</ fn>

and
<appl y>
<t ranspose/ >
<ci >X</ ci >
</ appl y>.

The sample encoding of
rank(u'v) = 1,
from section 5.1.3 could then be condensed to

<rel n>
<eq>
</ appl y>
<r ank/ >
<appl y>
<times/>
<tr>u</tr>
<ci >v</ci >
</ appl y>
</ appl y>
<cn>1</cn>
</rel n>

From this example we see how the combination of presentation and content markup could
become much simpler and effective to generate as standard macro libraries become available.

Next: Entities, Characters and Fonts
Up: [Table of Contents
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6.1 Introduction

6.1.1 The Intent of Entity Names

Notation has proved very important for mathematics. Mathematics has grown in part because of
the succinctness and suggestiveness of its evolving notation. There have been many new signs
evolved for use in mathematical notation, and mathematicians have not held back from making
use of many symbols originally developed elsewhere. The result is that mathematics makes use
of avery large collection of symbols. It isdifficult to write mathematics fluently if these
characters are not available for use in coding. It is difficult to read mathematicsif glyphs are not
available for presentation on specific display devices.

This situation poses a problem for the W3C Math Working Group. It does not fall naturally
within the purview of a math for HTML specification and DTD production to worry about more
than the entities allowed in the DTD. Moreover, as experience has shown, along list of entities
with no meansto display them is of little use, and a cause of frequent frustrations in trying use a
standard. On the other hand, alarge collection of glyphs or characters without a standard way to



refer to them is not of much use either.

The W3C Math Working Group has therefore taken on directly specification of part of the full
mechanism of proceeding from notation to final presentation, and is collaborating with
organi zations undertaking specification of the rest.

For instance, we try to use entity names that are contained in 1SO TR 9573, which supersedes
the ISO TR 8879 annex as far as math is concerned. There are considerations of mathematical
usage that do on occasion militate against this, and the TR 9573 lists need supplementing. We
hope to be able to agree with the TR 9573 WG on suitable extensions, in the course of the
revision of their document that they are presently undertaking.

The STIX project of the STIPUB group of scientific and technical publishers has also been
working toward a common collection of mathematical symbols and names. The W3C Math
Working Group expects to issue further updates on the matter of character entitiesas a
conseguence of this project's useful work. For the latest character tables and fonts information,
see the W3C Math Working Groug home page.

6.1.2 The STIX Project

The STIX project team leader, Nico Poppelier, isamember of the W3C Math Working Group.
The STIX project, set up by the STIPUB group of publishers, aims to formulate a collection of
characters needed in the course of scientific and technical publishing. A database of characters
In common use is being produced by collaborating publishing organizations. The team will
propose to the Unicode consortium the additions to the next revision of the Unicode character
set that this process shows are needed, together with the appropriate character codes. Finaly the
STIX project will commission the production of a complete set of fonts covering those Unicode
characters for science and technology, to be made available to the public under license, but free
of charge. The STIPUB group recognizes that easy availability of the characters and fonts
greatly facilitates communication and publication.

6.2 Entity Listings

This chapter of the MathML proposal contains alisting of entities for usein MathML.

To provide more background on the characters used by mathematics we have used alarger
comparative database showing codes and meanings in other common math environments. The
W3C Math Working Group is very grateful to Elsevier Science and to Wolfram Research
(makers of Mathematica ®) for making available to us so much useful data.

6.2.1 Non-Marking Entities

Some character entities, although important for the quality of print rendering do not directly
have glyph marks that correspond. They are called here non-marking entities. Below we have a
table of those adopted for the purposes of MathML. Their roles are discussed in Chapters 3 and
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4, respectively on Presentation and Content Markup. The values of the spaces given are
recommendations. Some of these characters do not already have Unicode values. Arbitrary
values up in the Private Zone E8 range have been assigned. The correspondence between the
spacing values mentioned below and those in the Unicode descriptions are not exact, but are

good matches.
Entity name Unicode Description
& Tab; 0009  |tabulator stop; horizontal tabulation
&NewLine; O00A  |forcealine break; line feed
& IndentingNewLine; E891 [forcealine break and indent appropriately on next line
& NoBreak; E892  |never break line here
& GoodBreak; E893 [if alinebreak is needed, hereis agood spot
& BadBreak; E894 |if alinebreak is needed, try to avoid breaking here
& Space; 0020  |one em of spacein the current font
& NonBreakingSpace; 00AQO |spacethat isnot alegal breakpoint
& ZeroWidthSpace, 200B  |space of no width at all
& VeryThinSpace; 200A  |space of width /18 em
& ThinSpace; 2009  |space of width 3/18 em
& MediumSpace; 2005  |space of width 4/18 em
& ThickSpace; E897  |space of width 5/18 em

& NegativeVeryThinSpace;

E898

space of width -1/18 em

& NegativeThinSpace; E899  |[space of width -3/18 em

& NegativeMediumSpace; |E89A  |space of width -4/18 em

& NegativeT hickSpace; E89B  |[space of width -5/18 em

& InvisibleComma; E89C |used as a separator, e.g., in indices (Section 3.2.4)

&ic; E89C  [short form of &InvisibleComma;

&InvisibleTimes; ESOE marks multiplication when it is understood without a
mark (Section 3.2.4)

&it; E89E  |[short form of &InvisibleTimes,

& ApplyFunction; ESAQ char_acter showing function application in presentation
tagging (Section 3.2.4)

& af; ESAO |[short form of & ApplyFunction;
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6.2.2 Printing Entity Listings

Since the situation concerning availability of character codes from Unicode and under 1SO
9573-13isnot yet fully clear at the time of writing, we have decided to proceed conservatively.

We have taken the SO 9573-13 proposal, as conveyed to us from Anders Berglund, and have
added a number of additional aliases based in the practice of the mathematical typesetting
community. Thus the main influence outside ISO has been the names to be found in the TeX
community.

To facilitate comprehension of afairly large list of names, which totals over 2000 in this case,
we offer the same information in more than one form.

We have entities listed by name and sample glyphsfor all of them. Each entity nameis
accompanied by a code for a character grouping chosen from alist given below, a short verbal
description, and a Unicode hex code if there is a corresponding sample glyph to be found in ISO
10646. Those codes beginning with the hex digit E, e.g., E321, indicate assignments to the
private zone of Unicode. Thisindicates that the character in question is not at present an official
Unicode character. It is highly recommended that authors use entity names instead of Unicode
values, especially for those characters in the Unicode private zone, as those values may change.
It is hoped that most of these characters will become officially endorsed by Unicode and SO
under its 10646 standard in due course. In any case we expect fonts for these characters to
become publicly available as the use of MathML develops. If the entity name is an aliasthen a
reference back to the ISO form is given if thereis one, and to a preferred form if not. The ISO
or preferred forms have references to their alternates where they exist.

Newly Revised. The entity listings by alphabetical and Unicode order in have now

been brought more into line with the corresponding 1SO character sets, in that if some part of a
set isincluded then the entire set isincluded. Also, ISOCHEM has been dropped. These
changes have also been reflected in the entity declarationsin the DTD in Appendix Al.

The tables of character setswith glyphs givenin have not been revised from the

original tables. In cases where information section 6.2.4 and 6.2.5 conflict, the tablesin 6.2.3
and the DTD should be considered normative.

6.2.3 Special Constants

To commence we list separately afew of the special characters which MathML has seen fit to
be alittle radical in introducing. There are two for special constants and one for calculus. They
too must have private Unicode values.

Entity name Unicode Description
& CapitalDifferentialD; |[F74B  |D for usein differentials, e.g., within integrals
&DD; F74B  |[short form of & CapitalDifferentialD;




& DifferentiaD; F74C |dfor useindifferentials, e.g., within integrals

&dd; F74C  |short form of &DifferentialD;

& ExponentialE; F74D |efor usefor the exponential base of the natural logarithms
&eg F74D  |short form of & ExponentialE;

&false; E8A7 |logica constant false

&Imaginaryl; F74E  |i for use asasquare root of -1

&ii; F74E  |short form of & Imaginaryl;

& NotANumber; ESAA |usedin4.3.2.9

&true; EBAB |logica constant true

6.2.4 Alphabetical Lists

Thefirst table offered isavery large ASCIT Tisting of printing entity names, ordered
alphabetically, with upper-case preceding lower-case asin ASCII order. The Unicode numbers
beginning with E are arbitrary assignments in the Private Area where there is presently no
Unicode character available. When there is no Unicode offered at al it is because the characters
listed can be thought of as font variations of common Roman alphabetic characters.

Thereisaso an/ASCII listing of printing entities ordered by Unicode number. Next we have

collections of the entities in entity sets which are similar to the groupings in the corresponding
| SO documents.

6.2.5 ISO Entity Set Groupings

In addition, we list the above material in the groupings used by 1SO 9573-13 with an additional
grouping of aliases introduced. This table makes explicit the entity groupings and provides links
to ASCII listings of the groups and HTML tabular listings which display the glyphs, insofar as
they are to be had, as well.

6.2.5.1 ISO Symbol Entity Sets

The symbols for mathematics that 1SO have considered are organized, for both historical and
mnemonic reasons into groupings with somewhat descriptive names. In the tables below we
reproduce the newly proposed versions of these groups and give the corresponding Unicode
sample glyphs. For each SO 9573-13 group we give first an Extended version in ASCI|I listing
which includes aliases, then asimilar listing with sample glyphs, then the Basic SO 9573-13
entity set and its version with included glyphs. The entries are organized alphabetically by
entity name.

It should be noted that the sample glyphs given here are in GIF files intended for viewing on a
monitor's screen at 72dpi. They are not suitable for printing, and in particular do not constitute a
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set of fonts covering the symbols of mathematics. In addition, it isimportant to note that the
Unicode numbers assigned in the private zone, beginning with hex digits E2 and above, are
arbitrary and only used here to ensure that sample glyphs are available for display. They do not
constitute suggested assignments of codes. Such a set of fontsis under development in more
than one context. The MathML Working Group is engaged in ensuring that fonts will be readily
publicly available.

Thisfirst block of entity setsincludes mostly non-letter symbols, along with afew letters |oaded
with mathematical semantics. At the end of the block we have included the table MMALIAS of
the aliases introduced by MathML, which mostly come from the TeX community, and
MMEXTRA with the additional character entities added by MathML. Note that some of the
blocks are place-holders for a possible future expansion of the tables.

Group Descriptive Name

ISOAMSA Added Math Symbols: Arrows Extended (Glyphs | Basid[Glyphs
ISOAMSB  Added Math Symbols: Binary Operators [Extended Glyphs | Basid [Glyphs
ISOAMSC Added Math Symbols: Delimiters Extended (Glyphs | Basid Glyphs
ISOAMSN Added Math Symbols: Negated RelationsExtended Glyphs | Basid [Glyphs
ISOAMSO Added Math Symbols: Ordinary Extended (Glyphs | Basid Glyphs
ISOAMSR Added Math Symbols: Relations Extended Glyphs | Basid [Glyphs
ISOTECH General Technical Extended Glyphs | Basid Glyphs
|SOPUB Publishing Extended Glyphs | Basic Glyphs
|SODIA Diacritical Marks Extended Glyphs | Basic Glyphs
ISONUM  Numeric and Special Graphic Extended Glyphs | Basic Glyphs
ISOBOX  Box and Line Drawing Basic  Glyphs

MMALIAS MathML Aliases Basid Glyphs

MMEXTRA MathML Additions Basic  Glyphs

6.2.5.2 ISO Math Font Entity Sets

Mathematical literature displays the common use of particular font styles. Characters
representing given letters which differ only in the glyph presentation are in principle not
different for the purposes of a character registry such as Unicode, which is not supposed to take
into account mere font differences. However usage has meant that both SO and Unicode, like
mathematics, recognize them as different entities. Therefore we include lists for Greek, script,
open face (also known as double struck or blackboard bold), and fraktur (also known as gothic
or German) fonts.

Group  Descriptive Name
ISOGRK3 Greek Symbols ASCII Glyphs
| SOMSCR Math Script Font ASCII Glyphs
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| SOMOPF Math Open Face Font ASCII [Glyphs
ISOMFRK Math Fraktur Font  ASCI Glyphs

6.2.5.3 Other ISO Font Entity Sets

For reference we provide alist of the names of several other 1SO font entity setswhich are
really normally used for text. ISOGRK4 is actually a collection of emboldened forms of the
Greek letters.
Group Descriptive Name
|SOGRK 1 Greek L etters
| SOGRK 2 Monotoniko Greek
| SOGRK 4 Alternative Greek Symbols
|SOCY R1 Russian Cyrillic
|SOCY R2 Non-Russian Cyrillic

6.2.6 Additional Entity Set Grouping

In addition to the above listed, for the sake of completeness, we provide atable of other entities
not within the SO lists which are referred to somewhere in this specification. It is not certain
that al these characters, though of mathematical significance, will reach incorporation within
Unicode. The W3C Math WG continues to wrestle with the problems of the characters of
mathematics.

& LeftSkeleton, E850 [start of missing information
& RightSkeleton; E851 [end of missing information
& LeftBracketingBar; F603 |left vertical delimiter

& RightBracketingBar; E604 [right vertical delimiter

& LeftDoubleBracketingBar; [F605 |left double vertical delimiter

& RightDoubleBracketingBar; |F606 |right double vertical delimiter

&HorizontalLine; E859 |[short horizontal line

& Verticaline; E85A |[short vertical line

&Assign; E85B |assignment operator

& Vertical Separator; E85C |vertical separating operator

& Doublel eftTee; E30F (aliasfor & Dashv;

& Roundimplies: F504 ;?;]etr (;Igtl;ble arrow with rounded head (looks like thin
& NotSquareSubset; E604 [negated set-like partial order operator

& NotSguareSuperset; E615 |negated set-like partial order operator
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& NotSubsetEqual;

2288

alias of & nsubseteq;

& NotSupersetEqual; 2289 |alias of &nsupe;

& DownL eftRightV ector; F50B |left-down-right-down harpoon
& DownL eftTeeVector; F50E |left-down harpoon from bar
& DownL eftV ectorBar; F50C |left-down harpoon to bar

& DownRightTeeV ector; F50F |right-down harpoon from bar
& DownRightVectorBar; F50D [right-down harpoon to bar
& LeftArrowBar; 21E4 |diasfor &larrb;

& LeftRightVector; F505 |left-up-right-up harpoon

& LeftTeeArrow; 21A4 |diasfor & mapstoleft;

& LeftTeeVector; F509 |left-up harpoon from bar

& LeftVectorBar; F507 |left-up harpoon to bar

& RightArrowBar; 21E5 |diasfor &rarrb;

& RightTeeVector; F50A |right-up harpoon from bar
& RightVectorBar; F508 |up-right harpoon to bar
&Equdl; FA31 |two consecutive equal signs
& GreaterGreater; E2F7 |diasfor &Gt;

& LeftTriangleBar; F410 [not left triangle, vertical bar
& Lessless; E2FB |aliasfor &Lt;

& NotCupCap; 226D |diasfor &nasymp;
&NotEqual Tilde; E84E |aliasfor & nesim;

& NotHumpDownHump; E616 |aliasfor & nbump;

& NotHumpEqual; E84D |alias for & nbumpe;

& NotLeftTriangleBar; F412 [not left triangle, vertical bar
& NotNestedGreaterGreater; |F428 |not double greater-than sign
& NotNestedL essl ess, F423 [not double less-than sign

& NotPrecedesTilde;

ESDC

aliasfor &npre;

& NotRightTriangleBar;

E870

not vertical bar, right triangle

& NotSucceedsTilde;

E837

not succeeds or similar

& RightTriangleBar; F411 |vertical bar, right triangle
& Product; 220F |diasfor &prod;

& Diamond,; 22C4 |diasfor &diamond;

& Cross, E619 |crossor vector product




& Square; 25A1 |diasfor &square;

& DownArrowBar; F504 [down arrow to bar
&DownTeeArrow; 21A7 |diasfor & mapstodown;

& LeftDownTeeVector; F519 |down-left harpoon from bar
& LeftDownV ectorBar; F517 [down-left harpoon to bar

& LeftUpDownVector; F515 |up-left-down-left harpoon

& LeftUpTeeVector; F518 |up-left harpoon from bar

& LeftUpVectorBar; F516 |up-left harpoon to bar

& RightDownTeeV ector; F514 |down-right harpoon from bar
& RightDownV ectorBar; F512 |down-right harpoon to bar

& RightUpDownV ector; F510 (up-right-down-right harpoon
& RightUpTeeVector; F513 |up-right harpoon from bar

& RightUpVectorBar; F511 |up-right harpoon to bar

& ShortDownArrow; E87F [short down arrow

& ShortUpArrow; E880 (sort up arrow

& UpArrowBar; F503 |up arrow to bar
&UpTeeArrow; 21A5 |&mapstoup;

&DownBreve; 0311 |breve, inverted (non-spacing)
& OverBar; OOAF |over bar

& OverBrace; F612 |over brace

& OverBracket; F614 |over bracket

& OverParenthesis; F610 |over parenthesis

& UnderBar; 0332 |combining low line

& UnderBrace; F613 (under brace

& UnderBracket; F615 [under bracket

& UnderParenthesis; F611 |under parenthesis
&EmptyVerySmallSquare;  |F530 |empty very small square

& FilledVerySmallSquare; F529 [filled very small square

& EmptySmall Square; F527 |empty small square

& FilledSmall Square; F528 [filled small square

& RuleDelayed; F51F [rule-delayed (colon right arrow)

Next: [The MathML Interface




Up: [Table of Contents




Up: Table of Contents REC-MathML-19980407; revised 19990707

7. The MathML Interface

e [/.1 Embedding MathML in HTML

o |/l e lop-Level mat emen

o |/.1.2 Requirementsfor aMathML Browser Interface
o |[/.1.3 Invoking Embedded Objects as Renderers
o [/.1.4 Tnvoking Other Applications
o [7.1.5Mixing and Linking MathML and HTML]|
» /.2 Generating, Processing and Rendering MathML|
o [7.2.1 MathML Compliance
o [7.2.2Handling Of Errors
o [/.2.3 An Attribute for Unspecified Data
« [7.3 Future Extensions

o |l.o. acros an yle Sheet

o |l.o. tensions to Mat

To be effective, MathML must work well with awide variety of renderers, processors,
trandlators and editors. This chapter addresses some of the interface issuesinvolvedin
generating and rendering MathML. Since MathML exists primarily to encode mathematics in
Web documents, perhaps the most important interface issues are related to embedding MathM L
inHTML.

There are three kinds of interface issues that arise in embedding MathML in HTML. First,
MathML must be semantically integrated into HTML. For example, there must be a mechanism
for browsers to recognize MathM L markup as embedded content, and not asan HTML syntax
error. More generally, the semantic embedding of MathML in HTML isaspecial case of
embedding XML in HTML, which involves issues such as name space management, and
document validation.

Second, MathML rendering must be integrated into browser software. Until MathML is
rendered natively by browsers, rendering will typically be done by embedded elements.
However, to properly render mathematical notation in context in a Web document, improved
coordination between browsers and embedded elements will be necessary. For example,
embedded elements will need to be able to detect the ambient rendering environment, such as



baseline, font family and color scheme, and respond appropriately to reader input such as font
Size changes. Support for printing is also essential.

Third, tools for generating MathML must be developed, including editors, translators, and
export capabilities in computer algebra systems, and other scientific software.. Since MathM L
Is designed to be powerful and flexible to accommodate a wide range of applications, while at
the same time remaining structured and explicit for easy processing, MathML expressions tend
to be lengthy, and prone to error when entered by hand. Therefore, special emphasis must be
given to insuring that MathML can be easily generated by user-friendly conversion and
authoring tools.

The W3C Math working group is committed to working with software vendors to develop a
wide range of equation editors and translation tools, and plans to continue to do so in the future.
In particular, the working group monitors the public www-math@w3.ord mailing list, and will
attempt to provide support to software developers with questions about the MathM L
specification. The working group also intends to try to stimulate the formation of MathML
developer and user groups. For current information about MathML tools, applications and user
support activities, consult the W3C Math home page.

7.1 Embedding MathML in HTML

MathML specifies a single top-level math element, which encapsulates each instance of
MathML markup within an HTML page. As such, the math element provides an attachment
point for information which affects aMathML expression as awhole. For example, the math
element isthelogical place to attach style sheet or macro information in the future, when these
facilities become available for MathML.

Idedlly, the math element should also serve as the interface for embedding MathML in HTML.
To function in this capacity, the math element would have to simultaneously signal the
semantic inclusion of MathML (XML) content in HTML, and provide the necessary machinery
for rendering its content in a browser either by invoking an embedded element, or by specifying
parameters for a native renderer in the browser. Both semantic inclusion and rendering present a
number of issues that extend beyond the boundaries of W3C Math. To alarge extent, the issues
which arise for embedding MathML in HTML are the same as those for the more general
problem of embedding XML in HTML. Resolving these issues will require the efforts of a
number of World Wide Web Consortium Activities, including the HTML, XML, CSS and

DOM activities.

In order to produce a complete and self-contained description of MathML, this document only
specifies the attributes and usage of the math element as a top-level element for MathML, and
not as an interface element. The W3C Math working group intends to continue working closely
with other World Wide Web Consortium activities to insure that emerging standards for
embedding XML in HTML accommodate seamless integration of MathML in HTML. Section
7.1.2 lists requirements which an interface element for MathML would have to meet in order to


mailto:www-math@w3.org
http://www.w3.org/Math

fully integrate MathML into HTML. However, it isimportant to note that the MathML
specification is independent of the ultimate embedding mechanism.

7.1.1 The Top-Level math Element

As stated above, MathML specifies asingle top-level math element. All other MathML content
must be contained in amath element; equivalently, every valid, complete MathML expression
must be contained in <math> tags. The math element must always be the outermost element in
aMathML expression; it isan error for one math element to contain another.

Applications which return subexpressions of other MathML expressions, for example as the
result of a cut-and-paste operation, should always wrap them in <math> tags. The presence of
enclosing <math> tags should be a reasonable heuristic test for MathML content. Similarly,
applications which insert MathML expressionsin other MathML expressions must take care to
remove the <math> tags from the inner expressions.

The math element can contain an arbitrary number of children schemata. The children
schemata render by default asif they were contained in amrow element.

The attributes of the math e ement are:

class="value"
style="value"

Provided for future Cascading Style Sheet compatibility.
macros="URL URL ..."

This attribute provides away of pointing to external macro definition files. Macros are
not part of the MathML specification, but a macro mechanism is anticipated as afuture
extension to MathML.

mode="display|inline"

The mode attribute specifies whether the enclosed MathML expression should be
rendered in adisplay style or an in-line style. The default is mode="inline".

7.1.2 Requirements for a MathML Browser Interface

The top-level math element described in the preceding section is concerned with encapsulating
MathML content and defining attributes which affect the entire enclosed expression. It is, ina
sense, "inward looking." However, to render MathML properly in abrowser, and to integrate it
properly into an HTML document, an "outward looking" interface element is also required. This
interface element must be aware of its surrounding environment, and provide a mechanism for
passing information between the browser, and the MathML renderer.

As noted above, the MathML interface element and the MathML top-level element should
ideally be one and the same. The math element should not only serve to encapsulate MathM L
content, it should signal the semantic embedding of MathML content to an HTML processor,
and admit additional attributes for controlling how the MathML renderer should interact with



the browser.

Since ageneral mechanism for embedding XML in HTML is anticipated in the near future
which may not be compatible with using the top-level math element for the interface element
aswell, the remainder of this section describes attributes and functionality that a MathM L
interface element should ultimately provide. In the near term, implementors attempting to
provide interim solutions for rendering MathML in browsers should try to give authors some
way of passing the following interface attributes to the renderer:

type="mime type"
The type attribute assigns a MIME type to the tag content. This attribute should ideally be

used to invoke an embedded element, such as a Java applet, plug-in or ActiveX control,
to render the tag content as described in the next section.

name="value"
Provided for scripting.
height=nn
width=nn
baseline=nn

Ideally, embedded elements will soon be able to dynamically negotiate height, width and
baseline alignment with browsers. However, these optional attributes are suggested as an
interim solution for software vendors that want to support MathML, but are unable to
provide dynamic resizing and alignment.

over flow="scroll|elide|truncate|scal e"

In cases where size negotiation is not possible or fails (for example in the case of an

extremely long equation), this attribute is provided to suggest an alternative processing

method to the renderer.

scroll
The window provides aviewport into the larger complete display of the
mathematical expression. Horizontal or vertical scrollbars are added to the window
as necessary to allow the viewport to be moved to a different position.

elide
The display is abbreviated by removing enough of it so that the remainder fitsinto
the window. For example, alarge polynomia might have the first and last terms
displayed with "+ ... +" between them. Advanced renderers may provide afacility
to zoom in on elided areas.

truncate

The display is abbreviated by simply truncating it at the right and bottom borders.
It is recommended that some indication of truncation is made to the viewer.

scale

The fonts used to display the mathematical expression are chosen so that the full
expression fits in the window. Note that this only happens if the expression is too



large. In the case of awindow larger than necessary, the expression is shown at its
normal size within the larger window.

altimg=URL

alttext="value"

These attributes provide graceful fall-backs for browsers that do not support embedded
elements, or images respectively.

Attributes which apply to the MathML interface element necessarily take effect when the
document isfirst loaded, and therefore suffer the limitation that they cannot change in response
to reader interaction. The height and width attributes are good examples; if the reader changes
the current font size, the height and width of the embedded math fragments also need to change.
Therefore, in order to properly render MathML, an embedded element must be able to
communicate with the browser, and react to reader input.

At present, browser support for embedded elementsis too limited to provide acceptable
rendering for MathML. The W3C Math working group is working closely with the Document
Object Model working group in an effort to provide better communication between embedded
MathML renderers and browsers. Some of the most needed improvements are:

« Embedded elements must be able to determine the ambient style parameters, including
font characteristics, foreground and background colors, and link color schemes.
Embedded elements must also be able to align themselves to an arbitrary baseline, rather
than the existing top, middle, bottom alignment options.

« Embedded elements must be able to detect and react to reader input. In particular,
embedded elements must be able to dynamically resize themselves when the ambient font
Size changes.

« Embedded elements must be able to print in context, and at high resolution.

7.1.3 Invoking Embedded Objects as Renderers

Until MathML is natively supported by browsers, we anticipate that MathML rendering will be
carried out via embedded objects such as plug-ins, applets, or helper applications. In the near
term, the W3C Math working group advocates the use of MIME types to bind embedded
MathML to renderers. Mechanisms for assigning MIME types already exist in HTML, and
mechanisms for registering and automatically invoking embedded elements such as plug-ins
based on MIME type already exist in Web browsers.

The type attribute, described in the previous section as a requirement for the MathML interface
element, isintended to associate a MIME type with its content. The HTML element META is
proposed as a means of specifying document-wide default MIME types for an el ement.

We propose a simple MIME type naming convention which is flexible enough to accommodate
several common situations:

« An author wishing to reach an as wide an audience as possible might like MathML to be
rendered by any available renderer.



« An author targeting a specific audience might like indicate that a particular MathML be
used.

« A reader might wish to specify which of several available renderers should be used.

We propose that generic MathML be assigned the MIME typet ext / mat hini , and for
browser registry, we suggest the standard file extension . nml be used. To invoke specific
renderers, we suggest assigning a MIME type of the following format:

t ext/ mat hnml - renderer
Example:

A user downloads and installs renderer A, and registersit with the browser for the

t ext/ mat hm MIME type to process generic MathML. However renderer A also accepts
TeX as an input syntax, and therefore during the install ation process, it requests to be registered
forappl i cati on/ x-t ex aswell. Later, the user discovers renderer B provides additional
features, such as cut and paste capability. Therefore, the user downloads, installs and registers
renderer B for thet ext / mat hnl - r ender er B MIME type.

An author then creates a document that contains the the following line in the document header:
<META Cont ent - mat h- Type="t ext/ mat hnm ">
L ater, the document contains the following expressions:

<mat h>
<msuUp><m >xX</ m ><m>2</ m></ nsup>
</ mat h>

<mat h type="text/ mathmn -rendererB">
<m >&al pha; </ m ><no>=</ no><m>0. 4</ Mm>
</ mat h>

When our hypothetical reader views this document, renderer A isinvoked to process the first
expression, while renderer B isinvoked for the second. Later, when our hypothetical reader
later views a document with MIME type appl i cat i on/ x-t ex, renderer A isagain invoke,
thistimein TeX processing mode.

7.1.4 Invoking Other Applications

Although rendering MathML expressions typically occursin place in aWeb browser, other
MathML processing functions take place more naturally in other applications. Particularly
common tasks include opening aMathML expression in an equation editor or computer algebra
system.

At present, there is no standard way of specifying that embedded content should be rendered
with one application, edited in another, and evaluated by athird. Aswork progresses on
coordination between browsers and embedded elements and the Document Object Model
(DOM), providing this kind of functionality should be a priority. Both authors and readers



should be able to indicate a preference about what MathML application to usein agiven
context. For example, one might imagine that some mouse gesture over aMathML expression
would cause a browser to present the reader with a pop-up menu, showing the various kinds of
MathML processing available on the system, and the MathML processors recommended by the
author.

Since MathML will probably be widely generated by authoring tools, it is particularly important
that opening aMathML expression in an editor should be easy to do and to implement. In many
cases, it will be desirable for an authoring tool to record some information about its internal
state along with aMathML expression, so that an author can pick up editing where he or she
left off. The MathML specification does not explicitly contain provisions for recording
authoring tool information. In some circumstances, it may be possible to include authoring tool
information which applies to an entire document as meta data; interested readers are encouraged
to consult the W3C Metadata Activity for current information about metadata and resource

definition. For encoding authoring tool state information that appliesto a particular MathML
instance, readers are referred to the possible use of the element for this purpose.

7.1.5 Mixing and Linking MathML and HTML

In order to be fully integrated into HTML, it should be possible not only to embed MathML in
HTML, but also to embed HTML in MathML. However, the problem of supporting HTML in
MathML presents many difficulties. Moreover, the problems are not specific to MathML ; they
are problems for XML applicationsin HTML generaly. Therefore, at present, the MathM L
specification does not permit any HTML elements within aMathML expression, athough this
may be subject to change in afuture revision of MathML, when.mechanisms for embedding
XML in HTML have been further devel oped.

In most cases, HTML elements either do not apply in mathematical contexts (headings,
paragraphs, lists, etc), or MathML already provides equivalent or better functionality
specifically tailored to mathematical content (tables, style changes, etc). However, there are two
notable exceptions.

Linking

MathML has no element which corresponds to the HTML anchor element a. In HTML, anchors
are used both to make links, and to provide locations to link to. MathML, asan XML
application, defines links by the use of the XM L-LINK attribute. However, MathML at present
does not provide away for other documents to make links into a MathML expression. One
reason for thisomission is that linking into embedded XML content is better addressed as part
of ageneral mechanism for embedding XML in HTML. Moreover, until browsers either
natively implement MathML rendering, or substantially better coordination between embedded
elements and browsers becomes possible, there is no reasonable way of implementing linksinto
MathML expressions.

MathML linking elements are generic XML linking elements as described in the Extensible
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Markup Language (XML): Part 2. Linkind working draft. The reader is cautioned, however,
that this working draft isless mature than the XML syntax working draft, and is therefore more
subject to future revision. Since the MathML linking mechanism is defined in terms of the

XML linking specification, the same proviso holds for it as well.

A MathML element is designated as alink by the presence of the XML-LINK attribute. The
possible values for the this attribute are "simple”, "extended", "locator”, "group” and
"document”. Although all of these values are valid, MathML renderers need only implement
"smple" XML linksto be MathML compliant. How links are indicated to the reader isleft to

theindividual MathML processing application.

Elements which specify the value of the XM L-LINK attribute as"simple" must also specify a
value for the HREF attribute. These two attributes fully specify a"simple® XML link. Thus, a
typical MathML link might ook like:

<mrow XML-LINK="simple" HREF="http://www.w3.org"> ... </mrow>

MathML designates that almost all elements can be used as an XML linking element. The only
elements which cannot serve as linking elements are those such as the <sep/> element which
exist primarily to disambiguate other MathML constructs and in general do not correspond to
any part of atypical visual rendering. The full list of exceptional elements which cannot be used
aslinking elementsis given below in table 7.1.5.1.

<prescripts/> | <none/> <sep/>

<power/> <malignmark/> | <maligngroup/>

Table 7.1.5.1 MathML Elements Which Cannot Be Linking Elements
Images

The IMG element has no MathML equivaent. The decision to omit a general image inclusion
mechanism in MathML was based on several factors. First, a ssmple mechanism for including
images in MathML along the lines of the IMG element would not be more closely tied to
mathematical content or notation than the HTML IMG element itself. Therefore, such an
element would likely be superseded by the IMG element if it becomes possible to mix XML
and HTML generally.

Another reason for not providing an image facility isthat MathML takes great pains to make the
notational structure and mathematical content it encodes easily available to processors while
information contained in images is only available to a human reader looking at a visual
representation. Thus, for example, in the MathML paradigm, it would be preferable to introduce
new glyphs by the creation of special symbol fonts, rather than simply including them as
images.

Finaly, apart from the introduction of new glyphs, many of the situations where one might be
inclined to use an image amount to some sort of |abeled diagram. For example, knot diagrams,
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Venn diagrams, Dynkin diagrams, Feynman diagrams and complicated commutative diagrams
al fal into this category. As such, their content would be better encoded via some combination
of structured graphics and MathML markup. Because of the generality of the "labeled diagram”
construction, the definition of a markup language to encode such constructions extends beyond
the scope of the W3C Math activity. However, it may be possible to provide such functionality
in afuture extension of MathML.

7.2 Generating, Processing and Rendering
MathML

Information isincreasingly generated, processed and rendered by software tools. The
exponentia growth of the Web is fueling the devel opment of advanced systems for
automatically searching, categorizing, and interconnecting information. Thus, although
MathML can be written by hand and read by humans, the future of MathML isalso tied to the
ability to process it with software tools.

Many different kinds of MathML editors, tranglators, processors and renderers will be
implemented. In addition to supporting the MathML core language, it is reasonable to assume
that some of these renderers will provide additional specialized capabilities. Consequently, it is
important to specify what one can and cannot expect from a generic MathML compliant
application, and in what ways MathML can be extended, or used to pass additional information
directly to specific application that can take advantage of it.

7.2.1 MathML Compliance

It isimportant to clearly specify what it means to be aMathML compliant processor. Specifying
MathML compliance serves two purposes. First, authors can be assured that their documents
will be generally accessibleif they refrain from using proprietary extensions. Second, software
developers can be assured of the criteriafor interoperability.

A well-formed MathML expression isa XML construct determined by the MathML DTD
together with the additional requirements given in the specifications of the MathML document.

We define a"MathML processor" to mean any application that can accept, produce, or
"roundtrip” awell-formed MathML expression. An example of an application that might
round-trip a MathML expression might be an editor that writes a new file even though no
modifications are made.

We specify three forms of MathML compliance:
1. A MathML-input-compliant processor must accept all well-formed MathML expressions.
For example a MathM L-input-compliant validating parser which implements the

MathML specification returns atruth value. A MathM L -input-compliant renderer
faithfully trandates a MathML expression into application-specific form allowing native



application operations to be performed.
2. A MathML-output-compliant processor must generate well-formed MathML.

o An embedded MathM L -output-compliant processor must return well-formed
MathML expressions when queried by the document object model API.

o Inthe case where cut-and-paste/drag-and-drop operations are implemented, a
MathM L -output-compliant processor must return well-formed MathML
expressions.

3. A MathML-roundtrip-compliant processor must preserve MathML equivalence.

Two MathML expressions are "equivaent” if and only if both expressions have the same
interpretation (as stated by the MathML DTD and specification) under any circumstances, by
any MathML processor. Equivalence on an element-by-element basis is discussed elsewhere in
this document.

We note that being roundtrip-compliant may be very difficult for processors that convert
MathML input into an internal form that is structurally very different from the XML expression
model. The first generation of processors may very well be input-compliant and
output-compliant, but not roundtrip-compliant. Neverthel ess, we expect roundtrip-compliant
processors to be eventually produced with the wide-spread acceptance of MathML.

Beyond the above, the MathML core specification makes no demands of individual processors.
However, in order to guide developers, the MathML specification includes advisory material;
for example, there are suggested rendering rules included in section 3. The remainder of this
section makes additional suggestions about a number of interface issues a MathML processor
should address in some fashion.

7.2.2 Handling of Errors

If aMathML-input-compliant application receives input containing one or more elements with
an illegal number or type of attributes or children schemata, it should nonethel ess attempt to
render all the input in an intelligible way, i.e. to render normally those parts of the input which
were well-formed, and to render error messages (rendered as if enclosed in an <merror>
element) in place of ill-formed expressions.

MathM L -output-compliant applications such as editors and translators may choose to generate
<merror> expressions to signal errorsin their input. Thisis usually preferable to generating
well-formed, but possibly erroneous, MathML.

7.2.3 An Attribute for Unspecified Data

The MathML attributes described in the MathML specification are necessary for display and
content markup. Ideally, the MathML attributes should be an open-ended list so that users could
add specific attributes for specific renderers. However, this can't be done within the confines of
asingle XML DTD. Although it can be done using extensions of the standard DTD, some



authors will wish to use nonstandard attributes while remaining strictly in compliance with the
standard DTD.

To alow this, this specification also allows the attribute other="..." for all elements, for use as a
hook to pass on renderer-specific information. In particular, it can be used as a hook for passing
information to audio renderers, computer algebra systems, and for pattern matching in any
future macro/extension mechanism. Thisideais used in other languages. For example,
Postscript comments are widely used to pass information that is not part of Postscript.

At the same time, the intent of the other attribute is not to encourage software devel opersto use
this as aloophole for circumventing the MathML core markup conventions. We trust both
authors and applications will use the other attribute judiciously.

The value of the other attribute should be a string containing an attribute list in valid XML
format (i.e., attrl="val1" attr2="val2"; ..., with appropriate escaping of the double quotes).
Renderers which accept nonstandard attributes directly should also accept them when they
occur within the string value of the other attribute. Thisis not required for attributes
specifically documented by the MathML standard.

7.3 Future Extensions

MathML isinitsinfancy; it isto be expected that MathML will need to be extended and revised
in various ways. Some of these extensions can be easily foreseen; as noted repeatedly in this
chapter, the mechanisms for fully integrating MathML into HTML are not yet developed, and
these mechanisms may have a significant impact on some aspects of MathM L

Similarly, there are several kinds of functionality that are fairly obvious candidates for future
MathML extensions. These include macros, style sheets, and perhaps a general "labeled
diagram” facility. However, there will also no doubt be other desirable extensions to MathM L
which will only emerge as MathML iswidely used. For these extensions, the W3C Math
working group relies on the extensible architecture of XML, and the common sense of the
larger Web community.

7.3.1 Macros and Style Sheets

The definition of a style sheet mechanism for XML is part of the ongoing XML activity at the
World Wide Web Consortium. Although it istoo soon to say what this mechanism will
ultimately be like, it islikely that it will accommodate the needs of MathML. It is also possible
that such a style sheet mechanism will be sufficiently powerful to provide basic macro
capability aswell.

Macros, however, play avery important and useful role in encoding mathematical content and
meaning. Moreover, it is difficult to devise a coherent, general macro system for MathML,
because there are so many distinct applications for MathML macros. Therefore, the W3C Math
working group plans to investigate the definition of a macro mechanism specifically tailored to



MathML, in addition to participating in general ongoing XML style sheet and macro facility
activities.

Some of the possible uses of MathML macros include:

« Abbreviation: One common use of macrosis for abbreviation. Authors needing to repeat
some complicated but constant notation can define a macro. This greatly facilitates hand
authoring. Macros that allow for substitution of parameters facilitate such usage even
further.

« Extension of Content Markup: By defining macros for semantic objects, for example a
binomial coefficient, or a Bessel function, one can in effect extend the content markup for
MathML. Such amacro could include an explicit semantic binding, or such abinding
could be easily added by an external applications. Narrowly defined disciplines should be
able to easily introduce standardize content markup by using standard macro packages.
For example, the OpenM ath project could rel ease macro packages for attaching
OpenMath content markup up.

« Rendering and Style Control: Another basic way in which macros are often used isto
provide away of controlling style and rendering behavior by replacing high level macro
definitions. Thisis especialy important for controlling the rendering behavior of HTML
Math content tags in a context sensitive way. Such a macroing capability is also
necessary to provide away of attaching renderings to user defined XML extensionsto the
MathML core.

» Accessibility: Reader controlled style sheets are important in providing accessibility to
MathML. For example, areader listening to a voice renderer might by default hear a bit
of MathML presentation markup read as "D sub x super 2 of f". Knowing the context to
be multivariable calculus, the reader may wish to use a style sheet or macro package
which instructs the renderer to render this <msubsup> element as "second derivative
with respect to x of f".

7.3.2 XML Extensions to MathML

The set of elements and attributes specified in the MathML specification are necessary for
rendering common math expressions. It is recognized that not all mathematical notation is
covered by this set of elements, that new notations are continually invented, and that
sub-communities within mathematics often have specialized notations; and furthermore that the
explicit extension of a standard is a necessarily slow and conservative process; thisimplies that
the MathML standard could never explicitly cover all the presentational forms used by every
sub-community of authors and readers of mathematics, much less encode all mathematical
content.

In order to facilitate the use of MathML by the widest possible audience, and to enable its
smooth evolution to encompass more notational forms and more mathematical content (perhaps
eventually covered by explicit extensions to the standard), the set of tags and attributesis
open-ended, in the sense described in this section.



MathML is described by an XML-compliant DTD, which necessarily limits the elements and
attributes to those which occur in the DTD. Renderers desiring to accept nonstandard elements
or attributes, and authors desiring to include these in documents, should accept or produce
documents which conform to an appropriately extended XML-compliant DTD which has the
standard MathML DTD as a subset.

MathML compliant renderers are allowed, but not required, to accept nonstandard elements and
attributes, and to render them in any way. If arenderer does not accept some or all nonstandard
tags, it is encouraged to either handle them as errors as described above for elements with the
wrong number of arguments, or to render their arguments as if they were argumentsto an
mrow, in either case rendering all standard parts of the input normally.

Up: [Table of Contents
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Parsing MathML

MathML documents should be validated using the XML DTD below. Note in particular that the xml attribute
xml:space is not used, so whitespace characters in element content (ie. outside the presentation token elements
mi, mo, mn, mtext, mspace, mtext, ms, the content token elements ci, cn and annotation) are not significant.

If the MathML is parsed without aDTD (ie. as awell-formed XML fragment), it is the responsibility of the
processing application to treat these whitespace characters as not significant.

An SGML parser (such as nsgmls) can be used to validate MathML. In this case an SGML declaration defining
the constraints of XML applicable to an SGML parser must be used. See
http://mwww.w3.org/ TR/INOTE-sgmi-xml .

The MathML DTD

A zipTile of the full DTD including entity declarationsis provided for reference. Here we give the main body of
the DTD, without including the entity declarations. See Chapter 6 for alist of entity names ordered by or

by Knicode valce,

<l-- Content nodel for content and presentation -->
<I-- and browser interface tags in MathM -->
<l-- initial draft 9.Muy. 1997 syntax = XM -->
<l-- author = s.buswell sb@til o.denon. co. uk -->
<l-- -->
<I-- revised 14. May. 1997 by Robert M ner -->
<l-- revised 29.June. 1997 and 2.July. 1997 by s. buswell -->
<l-- -->
<I-- revised 15. Decenber. 1997 by s. buswell -->
<l-- revised 8. February. 1998 by s. buswel | -->
<l-- revised 4.april.1998 by s. buswel | -->
<l-- 21.February.1999 entities and small revisions by d.carlisle -->
<l-- -->
<!-- WBC Recommendati on 7 April 1998 -->
<!__ kkhkkhkkhkhkkhkkhkhkhkhhkkhhkkhkhkhkhkhkhhkhkkhkhkhhkhhkhkkhkhkkhkhkkkhkkhkk kkkikk*%x - >
<l-- general attribute definitions for class & style &id & other -->
<l-- : attributes shared by all mathml el enents -->
<IENTITY % att-global atts ' cl ass CDATA #l MPLI ED
styl e CDATA #I MPLI ED
id I D #1 MPLI ED

ot her CDATA #l MPLIED >

<|__ kkhkkhkkhkhhkkhkkhkhhhkkhkhkhkhhkhkhkhhhhkhkkikhhhkhkhkhhhkhkhkikhhkkhkikikhkhkhkikikk*x -—>

<l-- Presentation el enent set -2
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<l--

<IENTITY
<IENTI TY
<IENTI TY
<IENTITY
<IENTITY

<IENTITY

<IENTITY
<IENTITY
<IENTITY
<IENTITY
<IENTI TY
<IENTITY
<IENTI TY
<IENTITY
<IENTITY
<IENTITY
<IENTITY
#| MPLI ED
<IENTI TY

<IENTI TY

<IENTITY
<IENTITY
<IENTI TY

<IENTITY

<IENTITY
<IENTITY

% att-fontsize
% att-fontwei ght
% att-fontstyle
%att-fontfamly
% att-col or

%att-fontinfo

% att-form

% att-fence

% att-separator
% att -1 space

% att-rspace

% att-stretchy
% att-symetric
% at t - maxsi ze
% att-m nsi ze
% att-1argeop

% att-novablelimts

>
% att-accent

"form (prefix |

presentation attribute definitions -->

‘fontsize CDATA #l MPLI ED
"fontwei ght (normal |
"fontstyle (normal |
"fontfam |y CDATA

'col or CDATA
"%tt-fontsize;
%att-fontwei ght;
Yatt-fontstyle;
Yatt-fontfamly;
%att-color;' >

infix |

#| MPLI ED

>

bol d) #I MPLI ED
italic) # MPLIED >
#| MPLI ED

>
>

"fence (true | false ) #l MPLIED >
separator (true | false ) #l MPLIED >
| space CDATA #I MPLI ED >
rspace CDATA #l MPLI ED >
stretchy (true | false ) #l MPLIED >
symmetric (true | false ) #l MPLIED >
maxsi ze CDATA #| MPLI ED >
m nsi ze CDATA #| MPLI ED >

"l argeop (true |
"novablelimts (true |

% att-opinfo '%att-form

att-fence;

‘accent (true |

%att - separator;

%att - | space;
%att-rspace;
Y%att-stretchy;
Yatt-synmmetri c;
%at t - maxsi ze;

%att-m nsi ze;

Y%att- | argeop;
%tt-novablelimts;
Oatt-accent ;' >

% att-wi dth
% att - hei ght
% att-depth

% att-sizeinfo

% att-1quote
% att-rquote

fal se)

"wi dt h CDATA #| MPLI ED >
" hei ght CDATA #l VPLI ED >
" dept h CDATA #| MPLI ED >

"%att-w dth;
%att - hei ght;
%att-depth;’

>

"l quot e CDATA #| VPLI ED
"rquot e CDATA #l WPLI ED

false ) #I MPLIED >
fal se )

#| MPLI ED >

>

postfix) #l MPLIED >



<IENTI TY

<IENTI TY
<IENTITY
#| MPLI ED
<IENTITY
#| MPLI ED
<IENTI TY
<IENTI TY

<IENTI TY
<IENTITY
<IENTI TY

<IENTITY
<IENTITY

<IENTITY
#| MPLI ED

<IENTI TY
<IENTITY
<IENTITY
<IENTITY
<IENTITY

<IENTITY
<IENTI TY
<IENTITY
<IENTITY
<IENTITY
#| MPLI ED
<IENTITY
<IENTI TY
<IENTI TY

<IENTITY

% att-1inethickness

% att-scriptlevel

% att-displaystyl e

>

% att-scriptsizenultiplier
>

% att-scriptm nsize

% att - backgr ound

% att-open
% att-cl ose
% att-separators

% att-subscriptshift
% att-superscriptshift

% att - accent under
>

% att-align

% att-rowalign

% att-col umalign

% att-groupalign

% att-alignnmentscope

% att - rowspaci ng
% att - col u€tmspaci ng
% att-row i nes
% att-col uml i nes
% att-frane

>
% att-franmespaci ng
% att - equal r ows
% att - equal col ums

% att-tableinfo

"linet hi ckness CDATA #l| MPLI ED >

scriptlevel CDATA #|l MPLI ED >
di spl aystyle (true | fal se)

scriptsizemul tiplier CDATA

"scriptm nsize CDATA #l MPLI ED >
" background CDATA #|l MPLI ED >

‘open CDATA #|I MPLIED >
' cl ose CDATA #|I MPLIED >
'separators CDATA #l WPLIED >

"subscriptshift CDATA #l MPLI ED >
"superscriptshift CDATA #l MPLI ED

"accentunder (true | false)

“al i gn CDATA #| MPLI ED

"rowal i gn CDATA #l MPLI ED >
" col umal i gn CDATA #| MPLI ED
"groupal i gn CDATA #l MPLI ED

"al i gnnment scope CDATA #| WPLI ED

"rowspaci ng CDATA #l MPLI ED

' col umspaci ng CDATA #l VPLI ED
"row i nes CDATA #l| WPLI ED

" col uml i nes CDATA #l| WPLI ED
frame (none | solid | dashed)

"framespaci ng CDATA #l MPLI ED
"equal rows CDATA #| MPLI ED
" equal col ums CDATA #| MPLI ED

"Oatt-align
%att-rowalign
%att-col umalign;
%att-groupalign;
%att-al i gnnent scope;
%att - rowspaci ng;
%att - col umspaci ng;
%att-row ines;
%att-col umlines;
Yatt-frane;
%att-framespacing;
%at t - equal r ows;

%att - equal col ums;
Y%att-di splaystyle;’ >

\%

VvV V



<IENTI TY
<IENTITY

<IENTITY

<IENTITY
<IENTITY

% att-rowspan
% att - col unmspan

% at t - edge

% att-actiontype
% att-sel ection

<l--

<IENTITY % ptoken "m |

m | no |

"rowspan CDATA #l MPLI ED
" col umspan CDATA #l MPLI ED
"edge (left | right) #I MPLIED
"actiontype CDATA #l WPLIED >
'sel ection CDATA #I MPLIED ' >

presentation token schemata with content-->

ntext | ms" >

<I ATTLI ST m %tt-fontinfo;
%tt-global atts; >
<I ATTLI ST mm Y%att-fontinfo,
%att-gl obal atts; >
<I ATTLI ST no %att-fontinfo;
%at t - opi nf o;
%att-global atts; >
<I ATTLI ST nt ext %att-fontinfo;
%att-gl obal atts; >
<I ATTLI ST ns Y%att-fontinfo;
Y%att -1 quot e;
%att-rquote;
%att-global atts; >
<l-- enpty presentation token schemata -->
<IENTITY % pet oken "nspace" >
<! ELEMENT nspace EMPTY >

<I ATTLI ST nspace

<l--

presentati on genera

%att-sizei nfo;
%att-gl obal atts;

>

| ayout schenmata -->

<IENTITY % pgenschema "nrow nfrac| nsqrt| nroot|

<I' ATTLI ST nr ow

<I ATTLI ST nfrac

< ATTLI ST nsqgrt

nstyl e| merror| npadded|

%att-gl obal atts;

nphant om nf enced” >

>

%att-1inethickness;

%att-global atts;

%att-gl obal atts;

>

>

>



<I ATTLI ST nr oot

<I ATTLI ST mstyl e

<I ATTLI ST nerror

<I ATTLI ST npadded

<! ATTLI ST nphant om

<! ATTLI ST nf enced

<l-- presentation

%att-gl obal atts; >

%att-fontinfo;

%t t - opi nf o;

%att -l quote;

%att-rquote;
%tt-I|inethickness;
Y%att-scriptlevel;
Y%att-scriptsizemultiplier;
%att-scriptmnsize;

%at t - backgr ound,;

%att - open,

%att-cl ose;

%att - separat ors;
%tt-subscriptshift;
%att-superscriptshift;

%att - accent under;
Yatt-tabl ei nfo;
%at t - rowspan

%t t - col uimspan

%att - edge;

%att-actiontype;

Y%att-sel ection;
%tt-globalatts; >

%att-gl obal atts; >

Y%att-sizeinfo;
Y%att - | space;

%tt-global atts; >
%tt-globalatts; >
%att - open,

%tt-cl ose;
%att - separators;
%att-global atts; >

| ayout schemata : scripts and limts -->

<IENTITY % pscrschema "nsub| nsup| nsubsup]

<! ATTLI ST nsub

<I ATTLI ST nsup

< ATTLI ST msubsup

munder | nover | nunder over | nmul ti scri pts" >

%att-subscriptshift;
%att-global atts; >

%att-superscriptshift;
%att-globalatts; >

%att-subscriptshift;
%att-superscriptshift;



%att-gl obal atts; >

<! ATTLI ST nmunder %att - accent under;

%att-global atts; >
<I ATTLI ST nover o%att-accent;

%tt-global atts; >

<I ATTLI ST munderover %att-accent;
%att - accent under
%att-gl obal atts; >

<I ATTLI ST mmul tiscripts
%tt-subscriptshift;
%att-superscriptshift;
%tt-globalatts; >

<I-- presentation | ayout schemata: script enpty elenents -->

<IENTITY % pscreschema "nprescripts|none" >

<! ELEMENT nprescripts EMPTY >

<I ATTLI ST nprescripts %tt-global atts; >
<I ELEMENT none EMPTY >

<I ATTLI ST none %att-global atts; >
<l-- presentation |ayout schemata: tables -->

<IENTITY % pt abscherma "ntable|ntr|nmd" >

<! ATTLI ST nt abl e %att-tabl ei nfo;
%att-gl obal atts; >

<I ATTLI ST ntr Yatt-rowalign
%att-col umalign
%att-groupalign
%tt-globalatts; >

<! ATTLI ST ntd %att-rowalign
%att-col umalign
%att-groupalign
%att - rowspan
%att - col umspan
%att-gl obal atts; >

<IENTITY % pl schema "%genschens; | %pscrschens; | %t abschemg; " >
<l-- enpty presentation |ayout schenata -->

<IENTITY % peschema "nmaligngroup | malignmark" >



<I ELEMENT rmalignmark EMPTY >

<! ATTLI ST mal i gnmar k %at t - edge;

%att-global atts; >
<! ELEMENT mal i gngr oup EMPTY >
<I ATTLI ST mal i gngr oup %att-groupalign;

%att-gl obal atts; >
<l-- presentation action schemata -->

<IENTITY % pactions "maction" >
<I ATTLI ST macti on %tt-actiontype;
Y%att-sel ection;

%tt-globalatts; >

<I-- Presentation entity for substitution into content tag constructs -->
<I-- excludes elenments which are not valid as expressions -->
<IENTITY % Presl nCont "opt oken; | Ypet oken; |

%l schema; | Y%peschemn; | Y%pactions;">
<l-- Presentation entity - all presentation constructs -->
<IENTITY % Presentation "%ptoken; | %etoken; | %screschenn; |

%l schema; | Y%eschemn; | Y%pactions;">
<!__ kkhkkhkkhkhkhkkhkkhkkhhhkkhkhkhkhhkhkkhkhkhhhkhkkhkhhhkkhkhkkhhhkkhkkhkhkhhkkhkkhkikhhkrkhkkhkhkk*x -a>
<I-- Content elenent set -->
<l-- attribute definitions -->
<IENTITY % att-base ' base CDATA "10"' >
<IENTITY %att-cl osure " cl osure CDATA "cl osed"’ >
<IENTITY %att-definition "definitionURL CDATA ""' >
<IENTITY % att-encodi ng "encodi ng CDATA ""' >
<IENTITY % att-nargs "nargs CDATA "1"' >
<IENTITY % att-occurrence "occurrence CDATA "function-nodel"' >
<IENTITY % att-order "order CDATA "nuneric"' >
<IENTITY % att -scope 'scope CDATA "l ocal "' >
<IENTITY %att-type "type CDATA #l MPLI ED >
<l-- content |eaf token elenents -->

<IENTITY % ctoken "ci | cn" >

<I ATTLI ST ci Yatt-type;
%att-gl obal atts; >

<I ATTLI ST cn Yatt-type,
%att - base;



%att-gl obal atts; >
<I-- content elenents - specials -->

<IENTITY % cspecial "apply | reln | |anbda" >

<I ATTLI ST apply %tt-global atts; >
<I ATTLI ST reln %tt-globalatts; >
<I ATTLI ST | anbda %att-gl obal atts; >
<l-- content elenents - others -->

<IENTITY % cother "condition | declare | sep" >
<I ATTLI ST condi tion %att-gl obal atts; >

<I ATTLI ST decl are Yatt-type,
%att - scope;
%att - nar gs;
%att-occurrence;
Yatt-definition

%tt-global atts; >
<! ELEMENT sep EMPTY >
<I ATTLI ST sep %att-global atts; >
<I-- content elenents - semantic mapping -->

<IENTITY % csenmantics "semantics | annotation | annotation-xm" >

<I ATTLI ST semanti cs Yatt-definition
%att-gl obal atts; >
<I ATTLI ST annotati on %att - encodi ng;
%att-global atts; >
<! ATTLI ST annot ati on-xml %att - encodi ng;
%tt-global atts; >
<l-- content elenents - constructors -->
<IENTITY % cconstructor "interval | list | matrix | matrixrow | set |
vector" >
<I ATTLI ST i nterval %att-cl osure;
%att - gl obal atts; >

<I ATTLI ST set %att-gl obal atts; >



< ATTLI ST

| ist

<I ATTLI ST vector

<I ATTLI ST

<I ATTLI ST matri Xr ow

matri x

%att-order;

%att-gl obal atts;
%att-gl obal atts;
%att - gl obal atts;

%att-gl obal atts;

<!-- content elenents - operators -->

<IENTITY % cfuncoplary "inverse

<! ELEMENT
<I ATTLI ST

<IENTITY % cfuncopnary "fn

< ATTLI ST

<! ELEMENT
<I ATTLI ST

<I' ELEMENT
< ATTLI ST

<IENTITY % carithoplary "abs |

<! ELEMENT
<I'ATTLI ST

<! ELEMENT
<I ATTLI ST

<! ELEMENT
<I'ATTLI ST

<! ELEMENT
<I ATTLI ST

i nver se
i nver se

conpose”
fn Y%att-definition
%att-gl obal atts;
i dent EMPTY >
i dent Yatt-definition
%att-gl obal atts;
conpose EMPTY >
conpose Y%att-definition

exp
exp

abs
abs

conj ugat e
conj ugat e

factori al
factori al

EMPTY
Y%att-definition
%att-global atts;

%att-gl obal atts;

EMPTY >
Yatt-definition
%att-gl obal atts;

EMPTY >
Yatt-definition
%tt-global atts;

EMPTY >
Yatt-definition
%att-gl obal atts;

EMPTY >
Yatt-definition
%att-global atts;

<IENTITY % carithoplor2ary "m nus" >

<! ELEMENT

m nus

EMPTY >

i dent

conj ugat e |

>

exp | factorial" >



<I ATTLI ST m nus %att-definition
%att-gl obal atts; >

<IENTITY % carithop2ary "quotient | divide | power | rem >

<! ELEMENT quot i ent EMPTY >
<I ATTLI ST quoti ent att-definition;
%att-gl obal atts; >

<! ELEMENT di vi de EMPTY >
<I ATTLI ST di vi de Y%att-definition,

%att - gl obal atts; >
<I ELEMENT power EMPTY >
<I ATTLI ST power %att-definition

%att-global atts; >
<! ELEMENT rem EMPTY >
<I ATTLI ST rem Y%att-definition

%att-gl obal atts; >

<IENTITY % carithopnary "plus | times | max | mn | gcd" >

<! ELEMENT pl us EMPTY >
<I ATTLI ST pl us Yatt-definition
%att-gl obal atts; >
<! ELEMENT nmax EMPTY >
<I ATTLI ST max Yatt-definition
%att-global atts; >
<! ELEMENT mi n EMPTY >
<I ATTLI ST mn Yatt-definition
%att-gl obal atts; >
<! ELEMENT ti nes EMPTY >
<I ATTLI ST ti nes Yatt-definition;
%att-global atts; >
<! ELEMENT gcd EMPTY >
<I ATTLI ST gcd Yatt-definition;
%att-gl obal atts; >

<IENTITY % carithoproot "root" >

<! ELEMENT r oot EMPTY >
<! ATTLI ST r oot ovatt-definition;
%att-gl obal atts; >

<IENTITY % cl ogi copquant "exists | forall" >



<! ELEMENT exi sts EMPTY >

<! ATTLI ST exi sts oatt-definition;
%att-gl obal atts; >
<! ELEMENT foral | EMPTY >
<! ATTLI ST forall vatt-definition;
%tt-globalatts; >

<IENTITY % cl ogi copnary "and | or | xor" >

<! ELEMENT and EMPTY >

<I ATTLI ST and Yatt-definition;
%att-global atts; >

<! ELEMENT or EMPTY >

<! ATTLI ST or Yatt-definition;
%att-gl obal atts; >

<! ELEMENT xor EMPTY >

<I ATTLI ST xor Yatt-definition;
%att-globalatts; >

<IENTITY % cl ogi coplary "not" >

<! ELEMENT not EMPTY >
<! ATTLI ST not Yatt-definition;
%att-gl obal atts; >

<IENTITY % cl ogi cop2ary "inplies" >

<! ELEMENT i nplies EMPTY >
<I ATTLI ST inplies Yatt-definition;
%att-gl obal atts; >

<IENTITY %ccalcop "log | int | diff | partialdiff" >

<! ELEMENT 1 og EMPTY >
<I ATTLI ST | og Yatt-definition;
%tt-globalatts; >
<! ELEMENT i nt EMPTY >
<I ATTLI ST i nt Yatt-definition
%att-gl obal atts; >
<! ELEMENT di f f EMPTY >
<! ATTLI ST di ff vatt-definition;
%tt-global atts; >
<! ELEMENT partial diff EMPTY >
<I ATTLI ST partial diff Yatt-definition

%att-gl obal atts; >



<IENTITY % ccal coplary "In" >

>

csc |

>

<! ELEMENT I n EMPTY >

<I ATTLI ST In vatt-definition;
%tt-global atts;

<IENTITY % csetop2ary "setdiff" >

<! ELEMENT setdiff EMPTY >

<I ATTLI ST setdiff Yatt-definition
%att-global atts;

<IENTITY % csetopnary "union | intersect" >

<! ELEMENT uni on EMPTY >

<I ATTLI ST uni on Yatt-definition,
%att-gl obal atts;

<! ELEMENT i nt er sect EMPTY >

<! ATTLI ST i ntersect Yatt-definition
%tt-global atts;

<IENTITY % cseqop "sum| product | [imt" >

<! ELEMENT sum EMPTY >

<I ATTLI ST sum Yatt-definition
%att-gl obal atts;

<! ELEMENT pr oduct EMPTY >

<I ATTLI ST pr oduct Yatt-definition
%tt-globalatts;

<IELEMENT |imt EMPTY >

<IATTLIST Iimt Yatt-definition;
%att-gl obal atts;

<IENTITY %ctrigop "sin | cos | tan | sec

| cosh | tanh | sech | csch
| arcsin | arccos | arctan®

<! ELEMENT sin EMPTY >

<I ATTLI ST sin Yatt-definition;
%att-gl obal atts;

<! ELEMENT cos EMPTY >

<! ATTLI ST cos %att-definition;
%att-global atts;

<! ELEMENT tan EMPTY >

< ATTLI ST

tan

%att-definition

coth

cot

si nh



%att-gl obal atts; >

<! ELEMENT sec EMPTY >
<I ATTLI ST sec Yatt-definition;
%att-global atts; >
<! ELEMENT csc EMPTY >
<I ATTLI ST csc Yatt-definition;
%att-gl obal atts; >
<! ELEMENT cot EMPTY >
<I ATTLI ST cot Yatt-definition;
%att-global atts; >
<! ELEMENT si nh EMPTY >
<! ATTLI ST si nh Yatt-definition;
%att-gl obal atts; >
<! ELEMENT cosh EMPTY >
<! ATTLI ST cosh ovatt-definition;
%att-globalatts; >
<! ELEMENT t anh EMPTY >
<! ATTLI ST t anh Yatt-definition;
%att-gl obal atts; >
<! ELEMENT sech EMPTY >
<! ATTLI ST sech vatt-definition;
%att-global atts; >
<! ELEMENT csch EMPTY >
<! ATTLI ST csch odatt-definition;
%att-gl obal atts; >
<! ELEMENT cot h EMPTY >
<! ATTLI ST coth vatt-definition;
%att-global atts; >
<! ELEMENT arcsin EMPTY >
<! ATTLI ST arcsin Yatt-definition;
%att-gl obal atts; >
<! ELEMENT ar ccos EMPTY >
<! ATTLI ST arccos ovatt-definition;
%att-global atts; >
<! ELEMENT ar ct an EMPTY >
<! ATTLI ST arctan vatt-definition;
%tt-globalatts; >

<IENTITY % cstatopnary "nean | sdev | variance | nedian | node"



<I ELEMENT nean EMPTY >

<I ATTLI ST nmean Y%att-definition;
%att-global atts; >
<! ELEMENT sdev EMPTY >
<! ATTLI ST sdev Yatt-definition;
%att-gl obal atts; >
<! ELEMENT vari ance EMPTY >
<I ATTLI ST vari ance Y%att-definition;
%att-global atts; >
<! ELEMENT nedi an EMPTY >
<! ATTLI ST nedi an Yatt-definition;
%att-gl obal atts; >
<! ELEMENT node EMPTY >
<I ATTLI ST node %att-definition
%att-gl obal atts; >

<IENTITY % cst at opnonent "nonment" >

<! ELEMENT nonent EMPTY >
<! ATTLI ST nonent Y%att-definition;
%att-gl obal atts; >

<IENTITY % cl al goplary "determ nant | transpose"

<! ELEMENT det er m nant EMPTY >
<! ATTLI ST det er m nant %att-definition;
%tt-globalatts; >
<! ELEMENT transpose EMPTY >
<I ATTLI ST transpose Yatt-definition;
%att-gl obal atts; >

<IENTITY % cl al gopnary "sel ector" >

<! ELEMENT sel ect or EMPTY >

<! ATTLI ST sel ect or Yatt-definition;
%att-gl obal atts; >

<l-- content elenents - relations -->

<IENTITY % cgenrel 2ary "neq" >

<! ELEMENT neq EMPTY >
<I ATTLI ST neq Yatt-definition;
%att-gl obal atts; >



<IENTITY % cgenrelnary "eq | leq | It | geq | gt" >

<! ELEMENT eq EMPTY >
<I ATTLI ST eq vatt-definition;
%att-global atts; >
<! ELEMENT gt EMPTY >
<I ATTLI ST gt Y%att-definition,
%att-gl obal atts; >
<! ELEMENT It EMPTY >
<I ATTLI ST |t Y%att-definition,
%att-global atts; >
<! ELEMENT geq EMPTY >
<! ATTLI ST geq Yatt-definition;
%att-gl obal atts; >
<! ELEMENT 1 eq EMPTY >
<I ATTLI ST | eq Yatt-definition;
%att-globalatts; >

<IENTITY %csetrel2ary "in | notin | notsubset | notprsubset” >

<l ELEMENT in EMPTY >
<IATTLIST in oatt-definition;
%att-gl obal atts; >
<! ELEMENT notin EMPTY >
<! ATTLI ST notin Yatt-definition;
%tt-global atts; >
<! ELEMENT not subset EMPTY >
<! ATTLI ST not subset Yatt-definition
%att-gl obal atts; >
<! ELEMENT not pr subset EMPTY >
<I ATTLI ST not pr subset Yatt-definition
%tt-global atts; >

<IENTITY %csetrel nary "subset | prsubset" >

<! ELEMENT subset EMPTY >
<I ATTLI ST subset Y%att-definition;
%att-gl obal atts; >
<! ELEMENT pr subset EMPTY >
<! ATTLI ST prsubset Yatt-definition;
%tt-global atts; >

<IENTITY % cseqrel 2ary "tendsto" >



<! ELEMENT t endsto EMPTY >

<I ATTLI ST tendsto Yatt-definition;

Yatt-type;

%att-global atts; >
<l-- content elenents - quantifiers -->
<IENTITY % cquantifier "lowim¢t | uplimt | bvar | degree | |ogbase" >
<IATTLIST lowimt %att-globalatts; >
<IATTLI ST uplimt %att-globalatts; >
<! ATTLI ST bvar %att-gl obal atts; >
<! ATTLI ST degree %att-gl obal atts; >
<I ATTLI ST | ogbase %att-gl obal atts; >
<l-- operator groups -->

<IENTITY % coplary "%funcoplary; | %arithoplary; | %l ogi coplary;
| %cal coplary; | %trigop; | %lalgoplary; " >

<IENTITY % cop2ary "%arithop2ary; | %l ogi cop2ary;| %setop2ary; " >

<IENTITY % copnary "%funcopnary; | %arithopnary; | %l ogi copnary;

| %setopnary; | %statopnary; | %l al gopnary; " >
<IENTITY % copm sc "%arithoproot; | %arithoplor2ary; | %cal cop;

| %seqop; | %statopnonent; | %l ogi copquant;"” >
<l-- relation groups -->
<IENTITY %crel 2ary "%genrel 2ary; | %setrel 2ary; | %seqrel 2ary; !
<IENTITY %crelnary "%genrel nary; | %setrelnary;" >
<l-- content constructs - all -->
<IENTITY % Content "%token; | %special; | %other; | %senantics;

| Yeconstructor; | %quantifier;

| Yeoplary; | Y%op2ary; |%opnary; |%opm sc;
| %erel 2ary; | %relnary;" >

<l-- content constructs for substitution in presentation structures -->
<IENTITY % ContlnPres "ci | cn | apply | fn | lanbda | reln

| interval | list | matrix | matrixrow
| set | vector | semantics" > <!--dpc-->



<| kkhkkhkkhkhkhkkhkkhkhhhkhkhkhkhhkhkhkhhhhkhkhkhhhkhkhkhhhkkhkhkhkhhkkhkkikhhkkrkhkikikk*x -->

<I-- recursive definition for content of expressions -->
<!-- include presentation tag constructs at |owest |evel -->
<l-- so presentation |ayout schemata hold presentation or Content -->
<l-- include Content tag constructs at | owest |evel -->
<I-- so Content tokens hold PCDATA or Presentation at |eaf |evel -->
<I-- (for permtted substitutable elenents in context) -->

<IENTI TY % Cont ent Expr essi on "(%Content; | %resinCont;)* " >
<IENTITY % PresExpressi on "(%°resentation; | % ontlnPres;)* " >
<IENTI TY % Mat hExpr essi on "(%°reslnCont; | % ontlnPres;)* " >

<l-- content token elenments (may hold enbedded presentati on constructs)
-->

<! ELEMENT ci (#PCDATA | %PreslinCont;)* >
<!l ELEMENT cn (#PCDATA | sep | %resinCont;)* >

<l-- content special elenents -->

<! ELEMENT appl y ( %Cont ent Expr essi on;) >
<! ELEMENT rel n ( %Cont ent Expr essi on;) >
<!l ELEMENT | anbda (%Cont ent Expr essi on;) >

<l-- content other elenents -->

<! ELEMENT condi ti on ( %Cont ent Expr essi on; ) >
<! ELEMENT decl are ( %Cont ent Expr essi on;) >

<l--  content semantics el enents -->

<!l ELEMENT senmantics (%Cont ent Expr essi on;) >
<!l ELEMENT annot ati on (#PCDATA) >
<! ELEMENT annot ati on- xni (%Cont ent Expr essi on;) >

<l-- content constructor el enents -->

<! ELEMENT i nt er val (%Cont ent Expr essi on;)
<! ELEMENT set (%Cont ent Expr essi on;)
<I ELEMENT | i st (%Cont ent Expr essi on;)
<! ELEMENT vect or (%Cont ent Expr essi on;)
<I ELEMENT matri x (%Cont ent Expr essi on;)
<!l ELEMENT matri xr ow (%Cont ent Expr essi on;)

VVVVYVYV

<lI-- content operator elenment (user-defined) -->
<! ELEMENT fn (%Cont ent Expr essi on;) >

<l-- content quantifier elenents -->



< ELEMENT | oW imt (%Cont ent Expr essi on;) >

<!l ELEMENT uplimt (%Cont ent Expr essi on;) >

<! ELEMENT bvar ( %Cont ent Expr essi on; ) >

<! ELEMENT degree ( %Cont ent Expr essi on;) >

<! ELEMENT | ogbase ( %Cont ent Expr essi on;) >

<!__ kkhkkhkhkkhkhkkhkkhkhkkhkhhkkhhkkhkhkkhkhkhkhhkhkkhkhkhkhhkhhkhkkhkhkkhkhkhkikkikkk khkkkikk*%x - >

<I-- presentation |ayout schema contain tokens, |ayout and content
schema -->

<!l ELEMENT nstyl e (%°r esExpression;) >
<! ELEMENT nerror (%°r esExpression;) >
<! ELEMENT nphant om (%°r esExpression;) >
<! ELEMENT nr ow (%°r esExpression;) >
<I ELEMENT nfrac (%Pr esExpression;) >
<!l ELEMENT nsqQrt (%Pr esExpression;) >
<! ELEMENT nt oot (%Pr esExpression;) >
<! ELEMENT nsub (%°r esExpression;) >
<! ELEMENT nsup (%°r esExpression;) >
<! ELEMENT nsubsup (%°r esExpression;) >
<I'ELEMENT mul ti scripts (%°r esExpression;) >
<! ELEMENT rmunder (%°r esExpression;) >
<! ELEMENT nover (%°r esExpression;) >
<!l ELEMENT nunder over (9%°r esExpression;) >
<!l ELEMENT nt abl e (%Pr esExpression;) >
<I ELEMENT ntr (%P°r esExpression;) >
<!l ELEMENT ntd (%P°r esExpression;) >
<! ELEMENT nmacti on (%°r esExpression;) >
<! ELEMENT nf enced (%°r esExpression;) >
<! ELEMENT npadded (9%°r esExpression;) >

<l-- presentation tokens contain PCDATA or malignmark constructs -->
<l ELEMENT m (#PCDATA | malignmark )* >

<! ELEMENT mm (#PCDATA | malignmark )* >

<! ELEMENT no (#PCDATA | malignmark )* >

<! ELEMENT ntext (#PCDATA | malignmark )* >

<! ELEMENT ns (#PCDATA | malignmark )* >

<!__ EE I b b I b b I I S R I I b I R I I S R R S R R S b b R R b S S I R S b I I I - >
<I-- browser interface definition -->

<l-- attributes for top level math el enent -->

<IENTITY % att - macr os "macr os CDATA #l MPLIED >
<IENTITY % att-node ' node CDATA #I MPLI ED >
<IENTITY % att-topinfo "Oatt-gl obal atts;

o%&att - macr os;
%att - node; >



<l-- attributes for browser interface elenent el enent -->

<IENTITY % att-nane "name CDATA #| MPLI ED >
<IENTITY % att-baseline ' basel i ne CDATA #I MPLI ED >
<IENTITY % att-overfl ow "overfl ow
(scroll|elide|truncate|scale) "scroll"' >
<IENTITY % att-alting “al ting CDATA #I MPLIED >
<IENTITY % att-al ttext "al ttext CDATA #l MPLIED >
<IENTITY % att-brow f "Yatt-type,

oatt - nane;

%att - hei ght;

%att-w dth;

%att - basel i ne;
att-overfl ow,

Yatt-al ting;
Yatt-alttext; >
<l-- the top level math el enent -->
<l-- math contains MathM. encoded mat hematics -->
<l-- math has the browser info attributes iff it is the

browser interface elenent also -->

<! ELEMENT mat h (%vat hExpr essi on;) >
<I ATTLI ST math %att-topinfo;
Yatt-brow f; >

<I-- ENTITY sets -->
<l-- 18O 9573-13 -->

<IENTITY % ent-i soansa SYSTEM "i soansa. ent" >
%ent - i soanmsa;

<IENTITY % ent-i soansb SYSTEM "i soansb.ent" >
%&ent -i soansb;

<IENTITY % ent-i soansc SYSTEM "i soansc.ent" >
o%ent - i soansc;

<IENTITY % ent-i soansn SYSTEM "i soansn. ent" >
%ent -i soanmsn;

<IENTITY % ent-i soanso SYSTEM "i soanso. ent" >
%&ent -i soanso;

<IENTITY % ent-i soansr SYSTEM "i soansr.ent" >
o%ent -i soansr ;



<IENTITY % ent-isogrk3 SYSTEM "i sogrk3. ent"
%ent -i sogr k3;

<IENTITY % ent-isogrk4 SYSTEM "i sogrk4. ent"
%ent - i sogr k4,

<IENTITY % ent-isonfrk SYSTEM "i sonfrk. ent"
%ent -i sonfrk;

<IENTITY % ent -i sonopf SYSTEM "i sonopf.ent”
%ent - i sonopf;

<IENTITY % ent-isonscr SYSTEM "i sonscr.ent"
%&ent -i sonscCr ;

<IENTITY % ent-isotech SYSTEM "i sot ech. ent™
%ent -i sot ech;

<l-- 1SO 8879 -->

<IENTITY % ent-i sobox SYSTEM "i sobox.ent" >
%ent - i sobox;

<IENTITY % ent-isocyrl SYSTEM "i socyrl.ent"
%ent -i socyr1,;

<IENTITY % ent-isocyr2 SYSTEM "i socyr2.ent"
%ent -i socyr 2;

<IENTITY % ent-isodia SYSTEM "i sodi a.ent" >
%ent -i sodi a;

<IENTITY % ent-isogrkl SYSTEM "i sogrkl.ent"
%ent -i sogrkl;

<IENTITY % ent-isogrk2 SYSTEM "i sogrk2. ent"
%ent -i sogrk2;

<IENTITY %ent-isolatl SYSTEM "isolatl.ent"
%ent-i sol at1;

<IENTITY % ent-isolat2 SYSTEM "i sol at2. ent"
%ent -i sol at 2;

<IENTITY % ent-i sonum SYSTEM "i sonum ent" >
%ent -1 sonumn

<IENTITY % ent-i sopub SYSTEM "i sopub.ent” >



%ent -1 sopub;
<l-- MathM. aliases for characters defi ned above -->

<IENTITY % ent-m alias SYSTEM "mm al i as. ent"” >
%ent -mmi al i as;

<l -- MathM. new characters -->

<IENTITY % ent-mm extra SYSTEM "mm extra.ent" >
%ent - mml extra;

<!-- end of ENTITY sets -->
<!-- end of DID fragnent -->

<| . kkhkkkhkkhkkkhkhkhkhkkhkhkhkhkhkhkhkhkhkEhkErkAhhhkhkhkhkhkErkAkArAhkhk Ak hkhkhkrk Ak Ak hkhhkhkhkkk
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Glossary

Argument

A child of a presentation layout schema. That is, "A isan argument of B" means"A isachild of
B and B is a presentation layout schema’. Thus, token elements have no arguments, even if they
have children (which can only be <malignmark/>).

Attribute

A parameter used to specify some property of an SGML or XML element type. It isdefined in
terms of an attribute name, attribute type, and a default value. A value may be specified for it on
a start-tag for that element type.

AXis

The axisis an imaginary alignment line upon which afraction line is centered. Often, characters
that can stretch such as parenthesis, brackets, braces, summation signs, etc., and operators are
centered on the axis and are symmetric with respect to it.

Baseline

The baseline is an imaginary alignment line upon which a glyph without a descender rests. The
baseline is an intrinsic property of the glyph (namely a horizontal line). Often baselines are
aligned (joined) during typesetting.

Black box
The bounding box of the actual size taken up by the viewable portion (ink) of aglyph or
expression.

Bounding box
The rectangular box of smallest size, taking into account the constraints on boxes allowed in a
particular context, which contains some specific part of arendered display.

Box

A rectangular plane area considered to contain a character or further sub-boxes, used in
discussions of rendering for display. It isusually considered to have a baseline, height, depth
and width.

Cascading Style Sheets (CSS)
A mechanism that allows authors and readers to attach style (e.g. fonts, colors and spacing) to
HTML and XML documents.

Char acter
A member of aset of identifiers used for the organization, control or representation of text.


http://www.w3.org/TR/REC-CSS1.html

Character Data (CDATA)

A SGML/XML datatype for raw data which does not include markup or entity references.
Attributes of type CDATA may contain entity references. These are expanded by an XML
processor before the attribute value is processed as CDATA.

Character or expression depth
Distance between the baseline and bottom edge of the character glyph or expression. Also
known as the descent.

Character or expression height
Distance between the baseline and top edge of the character glyph or expression. Also know as
the ascent.

Character or expression width
Horizontal distance taken by the character glyph asindicated in the font metrics, or the total
width of an expression.

Condition
A MathML content element used to place a mathematical condition on one or more variables.

Contained (element A is contained in element B)
A ispart of B's content.

Container (Constructor)
A non-empty MathML Content element that is used to construct a mathematical object such as
anumber, set, or list.

Content elements
MathML elements which explicitly specify the mathematical meaning of a portion of a
MathML expression (defined in Chapter 4 of the MathML standard).

Content token element
Content element having only PCDATA, <sep/> and Presentation expressions as content.
Represents either an identifier (ci) or anumber (cn).

Context (of a given MathML expression)

Information provided during the rendering of some MathML data to the rendering process for
the given MathML expression; especially information about the MathML which surrounds that
expression.

Declar ation
An instance of the declare element.

Depth
(of abox) The distance from the baseline of the box to the bottom edge of the box.

Direct subexpression (of aMathML expression"E")
A subexpression which is directly contained in E.



Directly contained (element A in element B)
A isachild of B (asdefined in XML); i.e. A iscontained in B, but not in any element which is
itself contained in B.

Document Object M odel
A model in which the document or Web page is treated as an object repository. This model is
developed by the DOM Working Group ((DOM| (Member Only) ) of the W3C.

Document Style Semantics and Specification Language ((DSSSL)

A method of specify the formatting and transformation of SGML documents. SO International
Standard 10179:1996.

Document Type Definition (DTD)
In SGML or XML aformal definition of the elements and the relationship among the data
elements (the structure) for a particular type of document.

Em

A font-relative measure encoded by the font. Before electronic typesetting, an 'em'’ was the
width of an 'M" in the font. In modern usage, an 'em'’ is either specified by the designer of the
font or istaken to be the height (point size) of the font. 'em's are typically used for font-relative
horizontal sizes.

Ex
A font-relative measure that is the height of an 'x' in the font. 'ex's are typically used for
font-relative vertical sizes.

Height
(of abox) The distance from the baseline of the box to the top edge of the box.

Inferred <mrow>
An <mrow> element which is"inferred" around the contents of certain layout schemata when
they have other than exactly one argument. Defined precisely in Section 3.1.5.

Embedded object
Embedded objects such as Java applets, Microsoft Component Object Model (COM) objects
(e.g. ActiveX Controls and ActiveX Document embeddings), and plug-inswhich reside in an
HTML document.

Embellished operator

An operator, including any "embellishment” it may have, such as superscripts or style
information. The "embellishment" is represented by a layout schema which contains the
operator itself. Defined precisely in Section 3.2.4.

Entity reference

A sequence of ASCII characters of the form & name; which represents some other data,
typically anon-ASCII character, a sequence of characters, or an external source of data, eg. a
file containing a set of standard entity definitions such as ISOL at1.


http://www.w3.org/MarkUp/DOM/Group/to_go_public/faq.html
http://www.jclark.com/dsssl

Extensible Markup Language (XML])
A simple dialect of SGML intended to enable generic SGML to be served, received, and
processed on the Web.

Fences
In typesetting, bracketing tokens like parentheses, braces, and brackets which usually appear in
matched pairs.

Font
A particular collection of glyphs of atypeface of agiven size, weight and style, eg "Times
Roman Bold 12 point”.

Glyph
The actual shape (bit pattern, outline) of a character image.

Input syntax layer
A planned MathML extension mechanism designed to facilitate hand entry of MathML content.

Indirectly contained
A iscontained in B, but not directly contained in B.

Instance of MathML

A single instance of the toplevel element of MathML, and/or a single instance of embedded
MathML in some other

dataformat.

Inverse function
A mathematical function that, when composed with the original function acts like an identity
function.

L ambda Expression
A mathematical expression used to define afunction in terms of variables and an expression in
those variables.

L ayout schema (plural: schemata)

A presentation element defined in Sections 3.3 - 3.6, other than the empty elements defined
there (i.e. not the elements defined in 3.5.4 (about alignment) or the empty elements [none/] and
[mprescripts/] defined in 3.4.7 (about <mmultiscripts>)). The layout schemata are never empty
elements (though their content may contain nothing in some cases), are always expressions, and
al allow any MathML expressions as arguments (except for argument count requirements and
the requirement for a certain empty element in <mmultiscripts>).

Mathematical Markup Language (MathML)
The markup language (specified in this document) for describing mathematical expression
structure, together with a mathematical context.

MathML eement


http://www.w3.org/TR/PR-xml

An XML element which forms part of the logical structure of aMathML document

MathML expression (within some well-formed MathM L data)

A single instance of a presentation element, except for the empty elements <none/> or
<mprescriptsy/> or an instance of <malignmark/> within atoken element (defined below); or a
single instance of certain of the content elements (see Section 4 for a precise definition of which
ones).

Multi-purpose Internet Mail Extensions (MIME)

A set of specifications that offers away to interchange text in languages with different character
sets, and multi-media content among many different computer systems that use Internet mall
standards.

Operator -- Content element
A mathematical object that is applied to arguments using the apply element.

Operator -- an <mo> element
Used to represent ordinary operators, fences, separators in MathML presentation. (<mo>, a
token element, is defined in Section 3.2.4.)

OpenMath
A general representation language for communicating mathematical objects between
application programs.

Parsed Character Data (PCDATA)
An SGML/XML datatype for raw data occurring in a context where text is parsed and markup
(for instance entity references and element start/end tags) is recognised.

Pt
Point (pt), 1 pt = 1/72 inch. Points are typically used to specify absolute sizes for font-rel ated
objects.

Pre-defined function
One of the empty elements defined in section 4.2.3 and used with the apply construct to build
function applications.

Presentation elements
MathML tags and entities intended to express the syntactic structure of math notation (defined
in Chapter 3 of the MathML standard).

Presentation layout schema
A presentation element that can have other MathML elements as content.

Presentation token elements
A presentation element that can contain only parsed character data or the <malignmar k/>
element.

Qualifier


http://www.openmath.org/

A MathML content element that is used to specify the value of a specific named parameter in
the application of selected pre-defined functions.

Relation
A MathML content element used to construct expressions such asa < b.

Render
Faithfully trandlate into application-specific form allowing native application operationsto be
performed.

Scope of a Declaration
The portion of aMathML document to over which a particular definition is active.

Selected subexpression (of an <maction> element)

The argument of an <maction> element (a layout schema defined in Section 3.6) which is (at
any given time) "selected" within the viewing state of aMathML renderer, or by the selection
attribute when the element exists only in MathML data. Defined precisely in Section 3.6.

Spacelike (MathML expression)

A MathML expression which isignored by the suggested rendering rules for MathML
presentation elements when they determine operator forms and effective operator rendering
attributes based on operator positionsin <mrow> elements. Defined precisely in Section 3.2.6.

Standard Generalized Markup Language (SGML])

An IS0 standard (1SO 8879:1986) which provides aforma mechanism for the definition of
document structure viaDTDs (Document Type Definitions), and a notation for the markup of
document instances conformingto aDTD.

Subexpression (of aMathML expression "E")
A MathML expression contained (directly or indirectly) in E's content.

Suggested rendering rulesfor MathM L presentation elements
Defined throughout Chapter 3; the ones which use other terms defined here occur mainly in
Section 3.2.4, but also in 3.6 and perhaps el sewhere.

A software system written by Donald Knuth for typesetting documents.

Token element
Presentation token element or a Content token element. (See above.)

Toplevel element (of MathML)
<math> (defined in Chapter 7)

Typeface
A typeface is a specific design of aset of letters, numbers and symbols, such as " Times Roman"
or "Chicago".


http://www.sil.org/sgml/sgml.html
http://sunserver.cs.umr.edu/unixinfo/general/packages/latex/texfaq.html

Weéll-Formed MathM L data

MathML datawhich (1) conformsto the MathML DTD; (2) obeys the additional rules defined
in the MathML standard for the legal contents and attribute values of each MathML element;
(3) Satisfiesthe EBNF grammar for content elements.

Width
The distance from the left edge of the box to the right edge of the box.

Up: [Table of Contents




Up: [Table of Contents REC-MathML-19980407; revised 19990707

Operator Dictionary

The following table gives the suggested dictionary of rendering properties for operators, fences, separators, and accentsin
MathML, all of which are represented by <mo> elements. For brevity, all such elements will be called simply "operators” in
this Appendix.

Format of operator dictionary entries

The operators are divided into groups, which are separated by blank linesin the listing below. The grouping, and the order of
the groups, is significant for the proper grouping of subexpressions using <mrow> (Section 3.3.1); the described thereis
especially relevant to the automatic generation of MathML by conversion from other formats for displayed math, such as
TeX, which don't always specify how subexpressions nest.

The format of the table entriesis. the <mo> element content between double quotes (start and end tags not shown), followed
by the attribute list in XML format, starting with the form attribute, followed by the default rendering attributes which should
be used for <mo> elements with the given content and for m attribute.

Any attribute not listed for some entry has its default value, which is given in parenthesesin the table of attributesin
B24.

Note that the characters"&" and "<" are represented in the following table entries by the entity references "&amp;" and
"&It;" respectively, aswould be necessary if they appeared in the content of an actual <mo> element (or any other MathML
or XML element).

For example, thefirst entry,

(" forme"prefix" fence="true" stretchy="true" |space="0ent rspace="0ent

could be expressed as an <mo> element by:

<mo forn¥"prefix" fence="true" stretchy="true" |space="0ent rspace="0enm'> ( </no>

(note the lack of double quotes around the content, and the whitespace added around the content for readability, which is
optional in MathML).

This entry means that, for MathML renderers which use this suggested operator dictionary, giving the element <no
form"prefix"> ( </np>aone orsimply <no> ( </ no>inaposition for which f or m=" pr ef i x" would be
inferred (see below), is equivalent to giving the element with all attributes as shown above.

Indexing of operator dictionary

Note that the dictionary is indexed not just by the element content, but by the element content and form attribute value,
together. Operators with more than one possible form have more than one entry. The MathML specification describes how
the renderer chooses ("infers") which form to use when no form attribute is given; see "Default value of for m_attribute” in

Section 3.2.4.

Having made that choice, or with the form attribute explicitly specified in the <mo> element's start tag, the MathML
renderer uses the remaining attributes from the dictionary entry for the appropriate single form of that operator, ignoring the
entries for the other possible forms.

Choice of entity names

Extended charactersin MathML (and in the operator dictionary below) are represented by XML-style entity references using
the syntax "&char act er - name; "; the complete list of characters and character namesis given in [Chapter 6. Many
characters can be referred to by more than one name; often, memorable names composed of full words have been provided in


http://www.w3.org/1999/07/REC-MathML-19990707/chap3_3.html#define-proper-grouping
http://www.w3.org/1999/07/REC-MathML-19990707/chap3_3.html#rule-for-grouping
http://www.w3.org/1999/07/REC-MathML-19990707/chap3_2.html#sec3.2.4
http://www.w3.org/1999/07/REC-MathML-19990707/chap3_2.html#sec3.2.4
http://www.w3.org/1999/07/REC-MathML-19990707/chap3_2.html#default-value-of-form-attribute

MathML, as well as one or more names used in other standards, such as Unicode. The characters in the operatorsin this
dictionary are generaly listed under their full-word names when these exist. For example, the integral operator is named
below by the one-character sequence "& Integral;”, but could equally well be named "&int;". The choice of name for a given
character in MathML has no effect on its rendering.

It isintended that every entity named below appears somewhere in Chapter 6. If thisisnot true, it isan error in this
specification. If such an error exists, Chapter 6 should be taken as definitive, rather than this appendix.

Notes on Ispace and rspace attributes

The values for Ispace and r space given here range from O to 6/18 em in units of 1/18 em. For the invisible operators whose
content is"&InvisibleTimes;" or "&ApplyFunction;", it is suggested that MathML renderers choose spacing in a
context-sensitive way (which is an exception to the static values given in the following table). For

<np>&Appl yFunct i on; </ no>, the total spacing (Ispace + rspace) in expressions such as"sin X" (where the right
operand doesn't start with afence) should be greater than O; for <no>&I nvi si bl eTi nmes; </ no>, the total spacing
should be greater than O when both operands (or the nearest tokens on either side, if on the baseline) are identifiers displayed
in anon-slanted font (i.e., under the suggested rules, when both operands are multi-character identifiers).

Some renderers may wish to use no spacing for most operators appearing in scripts (i.e. when scriptlevel is greater than O;
seeSection 3.3.4), asisthe casein TeX.

Operator dictionary entries

| space="0ent

| space="0ent

| space="0ent

| space="0ent

| space="0ent

| space="0ent

rspace="0ent
rspace="0ent
rspace="0ent
rspace="0ent
rspace="0ent

rspace="0ent

"&C oseCurl yDoubl eQuot e; "

rspace="0ent

"&(O oseCurl yQuote; "

rspace="0ent

"&Lef t Angl eBr acket ;"

| space="0ent

rspace="0ent

"&Left BracketingBar; "

| space="0ent

rspace="0ent

"&LeftCeiling;"

| space="0ent

rspace="0ent

"&Lef t Doubl eBr acket ; "

| space="0ent

" &Left Doubl eBracket i ngBar ;

| space="0ent

"&lLeft Fl oor ;"

| space="0ent

rspace="0ent
rspace="0ent

rspace="0ent

"&penCur | yDoubl eQuot e; "

rspace="0ent

"&penCurl yQuot e; "

rspace="0ent

" &Ri ght Angl eBr acket ;"

| space="0ent

rspace="0ent

form="prefix"
form="postfix"
form="prefix"
fornm="postfix"
fornm="prefix"
fornme"postfix"
fornme"postfix"
forne"postfix"
form="prefix"
fornme"prefix"
fornme"prefix"
form="prefix"
form="prefix"
form="prefix"
form="prefix"
form="prefix"

form=" post fi x"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

fence="true"

f ence="true"

f ence="true"

f ence="true"

fence="true"

f ence="true"

stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"

| space="0ent

| space="0ent
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"

| space="0ent

| space="0ent

stretchy="true"


http://www.w3.org/1999/07/REC-MathML-19990707/chap3_3.html#sec3.3.4

"&Ri ght Bracketi ngBar; "

| space="0enl rspace="0ent
"&Ri ght Cei l i ng;"

| space="0enl rspace="0ent
" &Ri ght Doubl eBr acket ;"

| space="0enl rspace="0ent
" &Ri ght Doubl eBr acketi ngBar ;"
| space="0enl rspace="0ent
"&Ri ght Fl oor ;"

| space="0enl rspace="0ent
"&Left Skel eton; "
rspace="0ent

"&Ri ght Skel et on; "
rspace="0ent

" &l nvi si bl eComa; "
rspace="0ent

rspace=". 33333ent

"&Hori zont al Li ne; "

| space="0enl rspace="0ent
"&Vertical Li ne;"

| space="0enl rspace="0ent

rspace=".27777emt

rspace="0ent

rspace=".27777ent
"&Assign; "
rspace=".27777ent

" &Because; "
rspace=".27777ent
"&Therefore;"
rspace=".27777ent

"&Verti cal Separator;"

| space=".27777em' rspace=".27777ent

II//II
rspace=".27777ent

" &Col on; "
rspace=".27777em

1] &arrp; n
" &arrp; n

"y —n

rspace=".27777ent

rspace=".27777ent

forne"postfix"
forne"postfix"
form=" postfix"
form="postfix"
form="postfix"
form="prefix"

form=" postfix"

forme"infi
forme"infi
forme"infi
forme"infi
form"infi

form="postfix" separator="true"

forme"infi
forme"infi
formE"infi
formE"infi
forme"infi
forme"infi
formeE"infi

form="prefix"
forne"postfix"

formE"infi

formE"infi

Xll

Xn

Xn

Xn

Xn

Xu

n

X

n

Xn

Xn

fence="true" stretchy="true"
fence="true" stretchy="true"
fence="true" stretchy="true"
fence="true" stretchy="true"
fence="true" stretchy="true"
fence="true"

| space="0ent

fence="true" |space="0ent

separator="true" | space="0ent
separat or="true"

| space="0enf

stretchy="true" m nsize="0"

stretchy="true" m nsize="0"

separator="true" | space="0ent

| space="0enf

| space=".27777ent

| space=".27777ent

| space=".27777ent

| space=".27777en
stretchy="true"

| space=".27777ent

| space=".27777ent

| space="0enl rspace=".27777ent

| space=".27777ent rspace="0ent

| space=".27777ent

| space=".27777en



n +:II
rspace=".27777ent
II/ :ll
rspace=".27777ent
n - >ll
rspace=".27777ent
rspace=".27777ent
"&SuchThat ; "
rspace=".27777en’

"&Doubl eLeft Tee; "

rspace=".27777ent
" &Doubl eRi ght Tee;
rspace=".27777ent
"&DownTee; "
rspace=".27777ent
"&left Tee; "
rspace=".27777enm
"&Ri ght Tee; "
rspace=".27777ent
"& nplies;"

| space=".27777ent
"&Roundl nplies;"
rspace=".27777em
II| 11}

| space=".27777ent
II| | n
rspace=".22222ent
n &O; n

| space=".22222ent
" ganp; ganp; "
rspace=".27777ent
" &And; "

| space=".22222en
n &an.p; m
rspace=".27777ent
n ! mn

" &Not ; "

" &EXi sts; "
"&ForAll ;"

" &Not Exi st's; "

" &El enent ; "
rspace=".27777em

rspace=".

rspace=".

rspace=".

rspace=".

27777ent

27777ent

22222ent

22222ent

formE"infix"

formE"infix"

forme"infix"

formE"infix"

fornm="postfix"

form=" post fi x"

forme"infix"

formE"infix"
formE"infix"
formE"infix"
formE"infix"
formE"infix"
formE"infix"
formE"infix"
forme"infix"
forme"infix"
forme"infix"
formE"infix"
formE"infix"
formE"infix"

form="prefix"
fornme"prefix"

fornme"prefix"
form="prefix"
form="prefix"

formE"infix"

| space=".27777ent
| space=".27777ent
| space=".27777ent
| space=".27777ent
| space=".22222ent
| space=". 22222enf
| space=".27777ent
| space=".27777ent
| space=".27777ent
| space=".27777en
| space=".27777ent
| space=".27777ent

stretchy="true"

| space=".27777ent
stretchy="true"

| space=".22222enft
stretchy="true"

| space=".27777ent

stretchy="true"

| space=".27777ent

| space="0ent
| space="0ent

| space="0ent
| space="0ent
| space="0ent

rspace=".
rspace=".

rspace=".
rspace=".
rspace=".

| space=".27777en

rspace="0ent
rspace="0ent

27777ent
27777ent

27777ent
27777ent
27777ent



" &Not El enment ; "
rspace=".27777ent

" &Not Rever seEl enent ; "
rspace=".27777ent

" &Not Squar eSubset ; "
rspace=".27777ent

" &Not Squar eSubset Equal ; "
rspace=".27777ent

" &Not Squar eSuper set ;"
rspace=".27777ent

" &Not Squar eSuper set Equal ; "
rspace=".27777ent
" &Not Subset ; "
rspace=".27777ent
" &Not Subset Equal ;
rspace=".27777en
" &Not Super set ;"
rspace=".27777en
" &Not Super set Equal ;"
rspace=".27777en

" &Rever seEl enent ;"
rspace=".27777en

" &Squar eSubset ; "
rspace=".27777ent

" &Squar eSubset Equal ; "
rspace=".27777emt

" &Squar eSuper set ; "
rspace=".27777emt

" &Squar eSuper set Equal ; "
rspace=".27777emt

" &Subset ;"
rspace=".27777emt

" &Subset Equal ; "
rspace=".27777em

" &Superset ;"
rspace=".27777emt

" &Super set Equal ; "
rspace=".27777ent

" &Doubl eLeft Arrow; "

| space=".27777em rspace="
"&Doubl eLeft Ri ght Arrow; "

| space=".27777em rspace="
" &Doubl eRi ght Arrow; "

| space=".27777em rspace="
" &DbownlLeft Ri ght Vector; "

| space=".27777em' rspace="
" &DownlLeft TeeVect or; "

| space=".27777em' rspace="
" &DownlLeft Vector ;"
| space=".27777em' rspace="

" &DownLeft Vect or Bar ;"
| space=".27777em' rspace="
" &DownRi ght TeeVect or ;"

| space=".27777em' rspace="
" &DownRi ght Vect or ; "
| space=".27777em' rspace="

27777ent

27777ent

27777ent

27777ent

27777ent

27777ent

27777ent

27777enm

27777en

formeE"i

fornmE"i

fornmE"i

fornmE"i

fornmeE"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

formeE"i

formeE"i

formeE"i

formE"i

formeE"i

forme"i

forme"i

forme"i

formeE"i

formeE"i

formeE"i

fornmE"i

formeE"i

fornmE"i

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".
| space=".

| space=".

27777ent

27777ent

27777en

27777enm

27777ent

27777em

27777ent

27777ent

27777ent

27777ent
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11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

11111ent

formeE"i

fornmE"i

fornmE"i

fornmE"i

fornmeE"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

forme"i

formeE"i

formeE"i

formeE"i

formE"i

formeE"i

fornmE"i

formeE"i

fornmeE"i

fornmE"i

forme"i

forme"i

forme"i

forme"i

fornmE"i

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

nfi

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy

stretchy

"true"

"true"

stretchy="true"

stretchy

"true"

stretchy="true"

stretchy

stretchy

"true"

"true"

stretchy="true"

stretchy="true"

| space=".11111ent

| space=".11111ent

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

stretchy="true"

| space=".11111ent



II&]t;>II
rspace=".11111ent

rspace=".11111lem

II@
rspace=".11111ent

" &Appl yFunction; "

n ?ll
rspace=".11111ent

rspace=".11111lent

"&Breve; "
rspace="0ent
"&Cedill a; "

rspace="0ent

"&Di acritical Gave;"
rspace="0ent

"&Di acritical Dot ;"
rspace="0ent

"&Di acritical Doubl eAcute; "
rspace="0ent

"&D acritical Left Arrow "

| space="0ent rspace="0ent

"&Di acritical Left Ri ght Arrow; "
| space="0enl rspace="0ent

"&Di acritical Left Ri ght Vector;"
| space="0ent rspace="0ent
"&Di acritical LeftVector;"
| space="0enl rspace="0ent
"&Di acritical Acute;"
rspace="0ent

"&Di acritical Ri ght Arrow "
| space="0enl rspace="0ent
"&Di acritical Ri ghtVector
| space="0ent rspace="0ent
"&Di acritical Til de;"

| space="0enl rspace="0ent
" &Doubl eDot ; "
rspace="0ent

" &DownBr eve; "

form="infix"
form=" postfi
form="postfi
form="postfi
form="infix"

forme"infix"

fornm="postfi

Xn

Xn
Xu

Xu

form="prefix"

fornm="postfi

Xll

form="prefix"

forme"infix"

forme"infix"

formE"infix"

fornm="postfi
fornm="postfi
fornm="postfi
fornm="postfi
fornm="postfi
forme" postfi
form="postfi
form="postfi
form="postfi
form="postfi
form="post fi
form="postfi
form="postfi
form="post fi

form"post fi

accent="true"

accent="true"

accent="true"

accent ="true"

accent ="true"

accent ="true"

accent="true"

accent="true"

| space=".11111ent

| space=".11111ent" rspace="0ent

| space=".11111en" rspace="0ent
| space=".11111ent rspace="0ent

| space=".11111ent

| space=".11111ent

| space=".11111ent rspace="0ent
| space="0enl rspace=".1111l1lent
| space=".11111ent" rspace="0ent
| space="0enl rspace=".1111l1lent
| space="0enl rspace="0ent

| space=".11111ent

| space=".1111lent

| space="0ent
| space="0ent
| space="0ent
| space="0ent

| space="0ent

accent="true" stretchy="true"
accent="true" stretchy="true"
accent="true" stretchy="true"

accent="true" stretchy="true"

| space="0ent

accent="true" stretchy="true"
accent="true" stretchy="true"

accent="true" stretchy="true"

| space="0ent

| space="0ent



rspace="0ent
" &Hacek; "

| space="0ent
"&Hat ;"

| space="0ent
" &COver Bar ;"
| space="0ent
"&Over Brace;
| space="0ent

rspace="0ent
rspace="0ent
rspace="0ent

rspace="0ent

" &Over Br acket ; "

| space="0ent

rspace="0ent

"&Over Par ent hesi s; "

| space="0ent
"&Tri pl eDot ;
rspace="0ent
"&Under Bar ; "
| space="0ent

rspace="0ent

rspace="0ent

"&Under Br ace; "

| space="0ent

rspace="0ent

"&Under Br acket ; "

| space="0ent

rspace="0ent

"&Under Par ent hesi s; "

| space="0ent

rspace="0ent

form="postfi
form="post fi
form="post fi
form="postfi
form="postfi
fornm="postfi
fornm="postfi
fornme"postfi
fornm="postfi
fornm="postfi

fornm="postfi

accent="true"

accent="true"

accent="true"

accent="true"

accent="true"

accent="true"

accent="true"

accent="true"

accent="true"

accent ="true"

accent ="true"

stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"
stretchy="true"

stretchy="true"

| space="0ent

stretchy="true"
stretchy="true"
stretchy="true"

stretchy="true"
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Working Group Membership

The W3C Math working group is presently co-chaired by of the AMS, and
DiaZ of IBM. Contact the co-chairsif you are interested in joining the group. For the present
membership see itsworking group home pagel

At the time of release of the MathML 1.0 the working group was co-chaired by lon and
then of the Geometry Center. Since that time several changes in membership have taken

place. In the course of the update, in addition to people listed in the original membership below,
corrections have been offered by David Carlisle, Don Gignac, Kostya Serebriany, Ben Hinkle,
Sebastian Rahtz, Sam Dooley and others.

Members of the working group that proposed MathML 1.0 were:
T. V. Ramarn
American Mathematical Society , Providence RI
Ralph Y oungen
Design Science Inc|
Paul Topping
Elsevier Science
Nico Poppelier
Geometry Technologies, Inc)
Robert Miney
IBM Research Division, Y orktown Heights, N'Y|
Robert S. Sutor, Angel DiaZ
Mathematical Reviews (American Mathematical Society), Ann Arbor Ml
Mathsoft, Cambridge, MA
Stephen Glim
University of Waterlog
KaPing Yee
INRIA, Sophia Antipolis



mailto:ion@ams.org
mailto:aldiaz@us.ibm.com
mailto:aldiaz@us.ibm.com
http://www.w3c.org/Math/
mailto:rminer@geom.umn.edu
mailto:rminer@geom.umn.edu
http://www.adobe.com/
mailto:raman@adobe.com
http://www.ams.org/
mailto:rey@ams.org
http://www.mathtype.com/mathtype/
mailto:pault@mathtype.com
http://www.elsevier.nl/
mailto:n.poppelier@elsevier.nl
http://www.geomtech.com/
mailto:rminer@geomtech.com
http://www.software.ibm.com/general/www.ics.raleigh/
mailto:sutor@watson.ibm.com
mailto:diaz@watson.ibm.com
http://www.ams.org/
mailto:ion@math.ams.org
http://www.mathsoft.com/
mailto:sglim@mathsoft.com
http://www.uwaterloo.ca/
mailto:kryee@novice.uwaterloo.ca
http://www.inria.fr/Equipes/SAFIR-eng.html

otephane Dalmas
Stilo Technologies
Stephen Buswell
Lauren Wood
['exterity Corporation
Ronald Whitney|
University of Western Ontarig
Stephen Wat
Waterloo Maple Inc)
S D |
W3O

Dave Raggett, Arnaud Le Hors

Woltram Research
Steven Hunt, Brenda Hunt, Bruce SmitH, Neil Soiffer
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mailto:stephane.dalmas@sophia.inria.fr
http://www.stilo.com/
mailto:sb@stilo.com
http://www.sq.com/
mailto:lauren@sq.com
http://www.texterity.com/
mailto:rwhitney@texterity.com
http://www.csd.uwo.ca/
mailto:watt@csd.uwo.ca
http://www.maplesoft.com/
mailto:jsdevitt@maplesoft.com
http://www.w3.org/
mailto:dsr@w3.org
mailto:lehors@w3.org
http://www.wri.com/
mailto:steveh@wolfram.com
mailto:brendah@wolfram.com
mailto:bruce@wolfram.com
mailto:soiffer@wolfram.com
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Content Markup Validation Grammar

I nformal EBNF grammar for Content Markup structure validation

/'l Notes
[l This defines the valid expression trees in content markup

[/ ** it does not define attribute validation -
/1 ** this has to be done on top

/'l Presentation_tags is a placeholder for a valid
/'l presentation elenent start tag or end tag

/1

/| #PCDATA is the XM. parsed character data

I

/'l synbols beginning with ' ' eg. _mmarg are internal synbols
/1l (recursive grammar usually required for recognition)

/1

[l all-lowercase synbols eg. 'ci' are termnal synbols

/'l representing MathM content el enents

/1

/'l synbol s beginning with Uppercase are terminals
/'l representating other tokens

/1 revised sb 3.nov.97, 16.nov.97 and 22. dec. 1997
/'l revised sb 6.jan.98, 6.Feb.1998 and 4.april. 1998

/'l whitespace definitions including presentation_tags

Presentation_tags ::= "presentation” /' I pl acehol der
Space = #x09 | #xo0A | #xoD | #x20 /ltab, |If, cr, space characters
S = (Space | Presentation_tags)* //treat presentation as space

/1l only for content validation
/'l characters

Char .= Space | [#x21 - #xFFFD
| [#x00010000 - #x7FFFFFFFF] //valid XM chars

/1l start and end tag functions

/] start(%) returns a valid start tag for the el enent %
/1l end(%) returns a valid end tag for the el ement %

[l empty(9%) returns a valid enpty tag for the el ement %



I
[l start(ci)
/1 end(cn)

/1 enpty(plus)
[/

/! The reason for
[/l for al
[/l for al

_start (%)
/] returns

_end( %)
/] returns

_enmpt y( %)
/] returns

_Sg( %) -
/'l start tag preceded by optiona

_eg( %)

/1 end tag followed by optiona

_ey(%)

// mat hnl cont ent

the attributes.
possi bl e attribute val ues.

n <C| >||
S n </ Cn>|l

ci= "<plus/>"

doing this is to avoid witing a granmr
The nodel below is not conplete

D= "< (Char - >t ) ot

a valid start tag for the el enent %
. : = n <0/«|I Space* n >II

a valid end tag for the el enent %
D= "< (Char - ') ">

avalid enpty tag for the el ement %

= S start (%)
whi t espace

o= _end(%&) S

whi t espace

2= S _enmpty(W) S
/'l enpty tag preceded and foll owed by optional

whi t espace

constructs

/1 allow declare within generic argunent type so we can insert it anywhere
_mmi al | = container | _relation | _operator | _qualifier | _other
_mm arg = decl are* _container declare*

_cont ai ner = token | _special | _constructor

_token =ci | cn

_speci al = apply | lanbda | reln

_constructor = interval | list | matrix | matrixrow | set | vector
_ot her = condition | declare | sep

_qualifier o= lowmimt | uplimt | bvar | degree | |ogbase

/'l relations

_relation = _genrel | _setrel | _seqgrel2ary

_genrel = _genrel2ary | _genrelnary

_genrel 2ary = ne

_genrel nary =eq| leg | It | geq | gt

_setrel
_setrel 2ary
_setrel nary

_seqrel 2ary

_seqrel 2ary | _setrelnary

= in | notin | notsubset | notprsubset
= subset | prsubset
= tendsto



[l operators

_operat or

_funcop
_funcoplary
_funcopnary

_funcop | _sepop | _aritho
_seqop | _trigop | _statop |
_logicop | _setop

_funcoplary |
i nverse |
fn| conpose

[l arithmetic operators

/1 (note mnus is both lary and 2ary)
_arithop = _arithoplary | _arithop2ary | _arithopnary
_arithoplary = abs | conjugate | exp | factorial | mnus
_arithop2ary = quotient | divide | mnus | power | rem
_arithopnary = plus | times | max | mn | gcd
/'l cal cul us
_cal cop = calcoplary | log | int | diff | partialdiff
_cal coplary =1n
/'l sequences and series
_seqop = sum| product | limt
/1 trigononetry
_trigop =sin| cos | tan | sec | csc | cot | sinh
| cosh | tanh | sech | csch | coth
| arcsin | arccos | arctan
/] statistics operators
_statop = _statopnary | nonent
_statopnary = nean | sdev | variance | nedian | node
/1l linear al gebra operators
_lal gop = _lalgoplary | _lalgopnary
_lal goplary = determ nant | transpose
_lal gopnary = sel ector
/1 logical operators
_logi cop = logicoplary | _logicopnary | _Ilogicop2ary |
_l ogi coplary = not
_l ogi cop2ary = inplies
_l ogi copnary = and | or | xor
_l ogi copquant = forall | exists

/'l set theoretic operators

_funcopnary
i dent
/1l genera

P

_cal cop

_lal gop

user-defined function is n-ary

r oot

_| ogi copquant



_setop = _setop2ary | _setopnary

_setop2ary = setdiff

_setopnary = union | intersect

/| operator groups

_unaryop = _funclary | _arithoplary | _trigop | _lal goplary
| _calcoplary | _logicoplary

_binaryop = _arithop2ary | _setop2ary | _logicop2ary

_naryop = _arithopnary | _statopnary | _Ilogicopnary
| _lalgopnary | _setopnary | _funcopnary

_i spop = int | sum| product

_diffop =diff | partialdiff

_binaryrel = _genrel2ary | _setrel2ary | _seqrel2ary

_naryrel = genrelnary | _setrelnary

/| separ at or

sep = _ey(sep)

/'l leaf tokens and data content of |eaf elenents
/1 note ndata includes Presentation constructs here.

_ndat ai = (#PCDATA | Presentation_tags)*

_mdat an = (#PCDATA | sep | Presentation_tags)*
Ci = _sg(ci) _ndatai _eg(ci)

cn = _sg(cn) _ndatan _eg(cn)

/1 condition - constraints constraints. contains either

/[l a single reln (relation), or
/1 an apply holding a | ogical conmbination of relations, or
/'l a set (over which the operator should be applied)

condi tion ;.= _sg(condition) reln | apply | set _eg(condition)
/1l domains for integral, sum, product
_i spdomai n o= (lowimt uplimt?)

| uplimt

| i nterval

| condition

/1l apply construct

apply = _sg(apply) _applybody _eg(apply)
_appl! ybody = ( _unaryop _nmmlarg )
/] 1l-ary ops

| (_binaryop _nmarg _mm arg)
/12-ary ops



| (_naryop _nmm arg*)
/I n-ary ops, enunerated argunents

| (_naryop bvar* condition _mm arg)
/I n-ary ops, condition defines argunent |i st

| (_ispop bvar? _ispdomain? _mml arg)
/lintegral, sum product

| (_diffop bvar* _mm arg)
/ldifferential ops

| (log | ogbase? _mm arg)
/11l ogs

| (rmonent degree? _nmm arg*)
//statistical nonent

| (root degree? _mml arg)
/[lradicals - default is square-root

| (limt bvar* lowimt? condition? _nmm arg)
[limts

| (_logicopquant bvar+ condition? (reln | apply))
/[lquantifier with explicit bound variabl es

/'l equations and relations - reln uses lisp-like syntax (like apply)
// the bvar and condition are used to construct a "such that" or
/1 "where" constraint on the relation

reln _sg(reln) _relnbody _eg(reln)

_rel nbody ( _binaryrel bvar* condition? _mmarg mmarg )
|

( _naryrel bvar* condition? _mmarg* )

// fn construct

fn ::= _sg(fn) _fnbody _eg(fn)

_fnbody ::= Presentation_tags | container

/1 | anbda construct - note at |east 1 bvar nust be present
| anbda = _sg(lanbda) _|anbdabody _eg(l anbda)

_l anbdabody ;.= bvar+ _container //multivariate |anbda cal cul us
/ I decl are construct

decl are
_decl ar ebody

_sg(decl are) _decl arebody _eg(decl are)
ci (fn | constructor)?

/] constructors

i nterval .= _sg(interval) _mmarg _mmMarg _eg(interval)
/lstart, end define interva

set = _sg(set) _Isbody _eg(set)
list = _sg(list) _Isbody _eg(list)
_| sbody D= mm ar g* [/ enuner ated argunents

| (bVar* condition _m arg) //condition constructs argunents



mat ri x _sg(matrix) matrixrow* _eg(matrix)

mat ri xr ow c:= _sg(matrixrow) _mmall* _eg(matrixrow)
/lallows matrix of operators

_sg(vector) _mmarg* _eg(vector)

vect or

/lqualifiers - note the contained nmarg could be areln

lowimt = sg(lowimt) mmarg _eg(lowimt)
uplimt = sg(uplimt) marg _eg(uplimt)
bvar = sg(bvar) ci degree? _eg(bvar)

degr ee = sg(degree) _nmmarg _eg(degree)

| ogbase = _sg(logbase) _mm arg _eg(l ogbase)

/lrelations and operators
/1l (one declaration for each operator and relation el enent)

_ey(% el ation) /leg. <eq/> <It/>
_ey(%operator) /1 eg. <expl/> <tines/>

_relation
_operat or

//the top level nmath el ement

mat h ::= _sg(math) nmall* _eg(math)
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F. Content Element Definitions
F.1. About Content Markup Elements

Every content element must have a mathematical definition associated with it in some form. The purpose of this appendix isto
provide default definitions. (An to the definitionsis provided later in this document.) For this release of MathML definitions

have not been restricted to any one format. There are several reasons for alowing flexibility at thistime.

1. Many mathematical constructs are not yet implemented in any computation based system. However, MathML must still allow
authors to associate mathematical constructs with definitions for archival purposes and so that work on such implementations
can begin.

2. Thetask of defining a mathematical object, and establishing an association with a particular definition does not logically
depend on the existence of an implementation in a computational system. It is a perfectly legitimate mathematical activity
independent of whether it is ever implemented. Providing arecord of those author specified associationsisintegral part of the
role of MathML.

3. Thetask of designing a machine readable language suitable for recording semantic descriptionsis an onerous one that goes

substantially beyond the scope of this particular recommendation. It also overlaps substantially with efforts groups such as the
OpenMath Consortium. (See aso: North American OpenMath Tnitiative, and [The European OpenMath Consortiumn)

The feasibilty of implementing a particular object in a particular comptational system and the details of particular implementations
have very little to do with the requirement that there actually be a mathematical definition. An author's decision to use content
elementsis adecision to work with defined objects. The definitions may be as vague as claiming that, say F, isan unknown, but
differentiable function from the real numbers to the real numbers, or as complicated as requiring that F to be an elaborate new
function or operation as defined in some recent research paper. The primary role of MathML content elementsisto provide a
mechanism for recording the fact that a particular structure has a particular mathematical meaning. If a definition isimplemented in a
computational system, thisis abonus.

Of course, default definitions and semantics should be chosen to be as useful as possible. Where possible they should be already
implemented or easy to implement and all other things being equal, an author would be well advised to use adefinition that isin
common use. Thisis no different from noting that most well written mathematical communications (in any format) benefit
substantially from the author's use of widely used and understood terms.

A requirement that there be a definition is also very different from a requirement that a definition be provided in some specific
manner. Before requiring a particular approach to definitions one needs to consider such issues as:

1. providing alanguage for defining semantics.
2. deciding if it is reasonable to require the use of such a syntax. (Authors may not have the time or expertise to provide aformal
description in anew and unfamiliar language.)

3. not being constrained by the limitations of existing computational systems.

In order to leave open the discussion of such fundamental issues we have deliberately limited the support for new or author defined
definitions to support for specifying an appropriate "definitionURL.". The format of the content of that URL is unspecified. It might
be the URL of amathematical paper whose whole purpose isto define a new operator, or even asimple reference to atraditional text.
If the author's mathematical operator matches exactly with an operator in a particular computational system, an appropriate definition
might be aMathML semantics element establishing a correspondence between two encodings. Whatever is chosen, the only
essential feature is that the definition be provided.

Thisrest of this appendix provides detailed descriptions of the default semantics associated with each of the MathML content
elements. Since thisis exactly the role intended for the encodings under development by the OpenMath Consortiurm and one of our
goalsisto foster international cooperation in suchstandardization efforts we have presented the default definitions in aformat
modeled on content dictionaries . While the actual details differ somewhat from the OpenMath specification, the
underlying principles are the same and this is being used as input to ongoing discussions underway with the OpenMath Consortium
aimed at ensuring that the OpenMath encodings will be capable of conveying the necessary information.



http://www.openmath.org/
http://naomi.math.ca/
http://www.nag.co.uk/projects/OpenMath.html
http://www.openmath.org/
http://www.openmath.org/

F.1.1. The Structure of an MMLdefinition.

Each MathML element is described using an XML format. The top element is M M L definition. The sub-elements identify the
various parts of the description and include:

name
PCDATA providing the name of the MathML element.
description

A text based description of the object that an element represents. Thiscross will often include cross references to more
traditional texts or papers or existing papers on the Web.

functorclass
Each MathML element must be classified according to its mathematical role.

punctuation -Some elements exist ssimply as an aid to parsing. For example the sep element is used to separate the CDATA
defining arational number into two parts in amanner that is easily parsed by an XML application. These objects are refered to
as punctuation.

modifier -Some elements exist simply to modify the properties of an existing element or mathematical object. For example the
declare construct is used to reset the default attribute values, or to associate a name with a specific instance of an object. These
kinds of elements are referred to as modifier s and the result is of the same type, but with different attributes.

constructor - The remaining objects which "contain” sub-elements are all object constructors of some sort or another. They
combine the sub-elements into a compound mathematical object such as a constant, set, list, or an expression representing a
function application. For example, the lambda element is actually a constructor which constructs a function definition from a
list of variables and an expression, while the fn element is a constructor that, in effect, sets the type of an object to function and
if necessary, provides an externa definition. Any use of apply produces an object of type apply whose sub-type is determined
by the first operand and its properties. The signature of a constructor indicates the type of its sub-elements and the type (and
sometimes subtype) of the resulting object.

function (operator) - The MathML objects represented by empty XML elements are functions or operators. These function
definitions are parameterized by their XML attribute values and are used as the first argument to an apply or reln. Functions
are classified according to how they are used.. For example the empty <sin/> element represents the unary mathematical
function sine. In every case, element attributes may be used to further qualify the object. The <plus/> element isan nary
operator. The result of using afunction or operator is an expression which represents an object in a certain algebraic domain.
parameter -Another class of objects are the named parameters. For example, these named objects are used to identify bounds
of integration, or differentiation variables.

MM ULattribute

Some of the XML attributes of aMathML content element have a direct impact on the mathematical semantics of the object.
For example the type attribute of the cn element is used to determine what type of constant (integer, real, etc.) is being
constructed. Only those attributes that affect the mathematical properties of an object are listed here and typically they also
appear explicitly in the signature.

signature
The signature is systematic representation which associates the different possible combinations of attributes and function
arguments to the different kinds of mathematical objects that are constructed. The possible combinations of parameter and
argument types (the left-hand side) each result in an object of some type (the right-hand side). It in effect describes how to
resolve operator overloading.

For (including parameters), the left-hand side of the signature describes the types of the child elements and the
right-hand side describes the type of object that is constructed. For functions, the left-hand side of the signature indicates the

types of the parameters and arguments that would be expected when it is applied, or used to construct arelation, and the
right-hand side represents the mathematical type of the object constructed by the <apply>. modify the the attributes

of an existing object.. For example a symbol might become a symbol of type vector.

The signature must be able to record specific attribute values and argument types on the left, and and parameterized types on
theright.. The syntax used for signaturesis of the general form:

[<attribute nanme>=<attributeval ue>]( <list of argunent types> )
--> <mat hematical result type>(<mathematical subtype>).

The MMLattributes, if any, appear in the form <attribute name> = <attribute value>. They are separated notationally from
the rest of the arguments by square braces. The possible values are usually taken from an enumerated list, and the signatureis
usually affected by selection of a specific value.



For the actual function arguments and named parameters on the left, the focus is on the mathematical typesinvolved. The
function argument types are presented in a syntax similar to that used for aDTD, with the one main exception.. The types of
the named parameters appear in the signature as <elementname>=<type> in a manner analogous for that used for attribute
values. For example, if the argument is named (e.g., bvar) then it is represented in the signature by an equation asin:

[<attribute name>=<attri buteval ue>] ( bvar=synbol, <argunent list>) -->
<mat hematical result type>(<nmathenatical subtype>)

No mathematical evaluation ever takes placein MathML. Every MathML content element either refers to a defined object such
as amathematical function or it combines such objects in some way to build anew object. For purposes of the signature, the
constructed object represents an object of a certain type parameterized type. For example the result of applying <plus/> to
arguments is an expression which respresents a sum. The type of the resulting expression depends on the types of the operands,
and the values of the MathML attributes.

example

Examples of the use of this object in MathML and possibly other syntax are included in these elements.

property

This element describes the mathematical properties of such objects.. For simple associations of values with specific instances
of an object, thefirst child is an instance of the object being defined. The second is avalue or appr ox (approximation) element
which containsaMathML description of this particular value. More elaborate conditions on the object are expressed using the
MathML syntax.
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F.2. Definitions of MathML Content Elements

F.2.1. Leaf Elements
F.2.1.1. <cn>

<MMLdefinition>



<nanme> cn </ nane>

<descri pti on>
A nunerical constant. The mathematical type of nunber
is given as an attribute. The default type is "real"
Nunbers such as rational, conplex or real, require two
parts for a conplete specification. The parts of such
a nunber are separated by an enpty "sep" el ement.

There are a nunber of pre-defined constants including:
&pi ; &Exponential ; &Conpl exl &t rue; &false; &NaN
the properties of sone of which are outlined bel ow

The &NaN, is IEEE's "Not a Nunber", as defined in
| EEE 854 standard for Floating point arithnetic.

</ descri pti on>
<functorcl ass> constant </functorclass>
<MM_.attri bute>

<nane> type </name>

<val ue> integer | rational | conpl ex-cartesian

| conplex-polar | rea

</val ue>

<defaul t> real </default>
</ MMLat t ri but e>
<MMLat tri but e>

<name> base </nane>

<val ue> positive_integer </val ue>

<defaul t> 10 </default>
</ MMLattri but e>
<si gnature> [type=i nteger] (nunstring) -> constant(integer) </signature>
<si gnat ure> [ base=baseval ue] (nunmstring) -> constant(integer) </signature>
<signature> [type=rational] (nunstring, numstring) -> constant(rational) </signature>
<si gnature> [type=conpl ex-cartesian] (nunstring, nunstring) -> constant(conpl ex)
</ si gnat ur e>
<signature> [type=rational] (nunstring, numstring) -> constant(rational) </signature>
<signature> [type=real ](&pi;) -> constant(real) </signature>
<signature> [definition](numstring, nunstring) -> constant(userdefined) </signature>
<si gnature> (&gamm;) -> constant</si gnature>
<exanpl e> <cn> 245 </cn> </ exanpl e>
<exanpl e> <cn type="integer"> 245 </cn> </ exanpl e>
<exanpl e> <cn type="integer" base="16"> A </cn></exanpl e>
<exanpl e> <cn type="rational "> 245 <sep> 351 </cn> </ exanpl e>
<exanpl e> <cn type="conpl ex-cartesian"> 1 <sep/> 2 </cn> </exanpl e>
<exanpl e> <cn> 245 </cn> </ exanpl e>

<property> <approx>

<cn> &pi; </cn>

<cn> 3. 141592654 </cn>
</ appr ox></ property>

<property> <approx>
<cn> &gammm; </cn>
<cn> .5772156649 </cn>
</ appr ox> </ property>

<property> <rel n><identity/>
<cn>&l magi naryl; </cn>
<appl y><r oot ><cn>- 1</ cn><cn>2</ cn></ appl y>
</rel n>
</ property>



<property> <rel n><appr ox>

<cn> &Exponential E; </cn><cn>2.718281828 </cn>

</reln> </ property>
<property> <apply><forall/>

<bvar ><ci type=bool ean>p</ ci ></ bvar >

appl y><and/ >

<ci >p</ ci ><cn>&t r ue; </ cn></ appl y>

<ci >p</ci >
</ appl y>
</ property>
<property> <apply><forall/>

<bvar ><ci type=bool ean>p</ci ></bvar >

<appl y><or/ >

<ci >p</ ci ><cn>&t r ue; </ cn></ appl y>

<cn>&true; </ cn>
</ appl y>
</ property>

<bvar ><ci type=bool ean>p</ ci ></ bvar >

<appl y><or/ >

<ci >p</ ci ><cn>&t r ue; </ cn></ appl y>

<cn>&true; </ cn>

</ appl y>
</ property>

<property>
<identity>
<appl y><not/ ><cn> &t rue
<cn> &f al se; </cn>
</identity>
</ property>

<property> <rel n><identity/>
<cn base="16"> A </cn> <cn>
<property> <rel n><identity/>
<cn base="16"> B </cn> <cn>
<property> <rel n><identity/>

<cn base="16"> C </cn> <cn>
<property> <rel n><identity/>

<cn base="16"> D </cn> <cn>
<property> <rel n><identity/>

<cn base="16"> E </cn> <cn>
<property> <rel n><identity/>

<cn base="16"> F </cn> <cn>
</ MVLdef i ni ti on>

F.2.1.2. <ci>

<MMVLdef i nition>
<nanme> ci </ name>
<descri pti on>

A synbolic nanme constructor

</ descri pti on>
<functorclass> constructor
<MMLattri bute>

<nane> type </name>

<val ue> constant | matrix

<defaul t> real </default>
</ MMLattri but e>

, <l apply>

10

11

12

13

14

15

</cn>

</cn>

</ cn>

</cn>

</cn>

</cn>

</rel n> </ property>

</rel n></ property>

</rel n></property>
</ rel n></ property>
</rel n></ property>

</rel n></ property>

. The type attribute can
be set to any valid MathM type.

unary </functorclass>

set

| vector | list | MathMtype </val ue>



<signature> ({string|mi presentation}) -> synbol (constant) </signature>

<si gnature> [type=Mat hM_LType] ({string| nm presentation}) -> synbol (Mat hM.Type)
</ si gnat ur e>

<exanpl e><ci > xyz </ci> </ exanpl e>

<exanpl e><ci > type="vector"> V </ci> </ exanpl e>

</ MMLdef i ni ti on>

F.2.2. Basic Content Element
F.2.2.1. <apply>

<MMVLdef i nition>

<nane> apply </name>

<descri pti on>
This is the Mat hM. constructor for function application.
The first argunent is applied to the remai ning argunents.
It may be the case that sone of the child el enents are
naned el ements. (See the signature.)

</ descri pti on>

<functorcl ass> constructor , nary </functorclass>

<si gnature> (function, anything*) -> application </signature>

<exanpl e><appl y><pl us/ ><ci >x</ ci ><cn>1</ cn></ appl y></ exanpl e>

<exanpl e><appl y><si n/ ><ci >x</ ci ></ appl y></ exanpl e>

</ MVLdef i ni ti on>

F.2.2.2. <reln>

<MMLdefinition>
<nane> rel n </ nanme>
<descri pti on>
This is the Mat hM. constructor for expressing a relation between
two or nore mat hematical objects. The first argunent indicates
the type of "relation" between the remaining argunments. (See the signature.)
No assunptions are nade about the truth value of such a relation.
Typically, the relation is used as a conmponent in the construction
of some | ogical assertion. Rel ati ons may be conbined into
sets, etc. just |ike any other mathemati cal object.

</ descri pti on>

<functorcl ass> constructor </functorclass>

<si gnature> (function, anything*) -> reln </signature>
<exanpl e><r el n><and/ ><ci >P</ ci ><ci >Q</ ci ></ r el n></ exanpl e>
<exanpl e><r el n><| t/ ><ci >x</ ci ><ci >y</ ci ></ r el n></ exanpl e>
</ MMLdefinition>

F.2.2.3. <fn>

<MMVLdef i ni ti on>
<name> fn </ nane>
<descri pti on>
This is the Mat hM. constructor for building new function

names. The "nanme" can be a general MathM. content el enent.
It identifies that object as "usable" in a function
cont ext .

By setting its definitionURL val ue, you can
associate it with a particular function definition.

Use the MathM. Declare to associate a nane with a | anbda
construct.
</ descri pti on>



<MMLat tri but e>
<name>defi ni ti onURL</ nane>
<val ue> URL </val ue>
<def aul t > none </defaul t>
</ MMLat tri but e>
<functorclass> constructor </functorclass>
<si gnature> (anything) -> function </signature>
<si gnature> [definitionURL=functiondef] (anything) ->
function(definitionURL=functiondef)
</ si gnat ur e>
<exanpl e><f n><ci >F</ ci ></ f n></ exanpl e>
<exanpl e><fn definitionURL="http://ww. wW3c/...">
<l t/><ci>G</ci ></fn>
</ exanpl e>

<l--Declaring Id to be the identity function.-->

<exanpl e>

<decl ar e><f n><ci >l d</ ci ></ f n><I| anbda><ci >x</ ci ><ci >x</ ci ></ decl ar e>
</ exanpl e>
</ MMLdefinition>

F.2.2.4. <interval>

<MMVLdef i ni ti on>

<nane> interval </nane>

<descri pti on>
This is the Mat hM. constructor el enent for building an interval
on the real line. Wile an interval could be expressed by
conmbining relations appropriately, they occur explicitly because
of their frequence of occurrence in conmon use.

</ descri pti on>

<MMLat tri but e>
<nane>t ype</ nane>
<val ue> closed | open | open-closed | closed-open </val ue>
<defaul t> cl osed </default>

</ MMLattri but e>

<functorcl ass> constructor , binary </functorcl ass>

<si gnature> [type=i nterval type] (expression, expression) -> interval </signature>

<exanpl e><r el n><and/ ><ci >x</ ci ><cn>1</ cn></r el n></ exanpl e>

<exanpl e><r el n><l| t/ ><ci >x</ ci ></ rel n></ exanpl e>

</ MMLdefinition>

F.2.2.5. <inverse>

<MVLdef i niti on>

<nane> i nverse </nane>

<descri pti on>
This MathM. el enment is applied to a function in order to
construct a new function that is to be interpreted as the
i nverse function of the original function. For a particular
function F, inverse(F) conposed with F behaves |ike the
identity map on the domain of F and F conposed with inverse(F)
shoul d be an identity function on a suitably restricted
subset of the Range of F.

The Mat hML definitionURL attribute should be used to resolve
not ati onal ambiguities, or to restrict the inverse to a
particul ar domain or nmake it one-sided.
</ descri pti on>
<MML.attri bute>



<nane>def i ni ti onURL</ nane>
<val ue> CDATA </val ue>
<def aul t > none </default>

<! --none corresponds to using the default MathM. definition ...-->

</ MMLat tri but e>
<functorcl ass> operator, unary </functorclass>
<si gnature> (function) -> function </signature>
<signature> [definitionURL=URL] (function) ->
function(definition) </signature>
<exanpl e><appl y><i nver se/ ><si n/ ></ appl y></ exanpl e>
<exanpl e>
<appl y>
<i nverse definitionURL="ww\. w3c. or g/ Mat hM./ Cont ent/arcsi n"/>
<sin/>
</ appl y>
</ exanpl e>
<property><appl y><foral I />
<bvar ><ci >y</ ci ></ bvar >
<appl y><sin/ >
<appl y>
<appl y><i nver se/ ><si n/ ></ appl y>
<ci >y</ci >
</ appl y>
</ appl y>
<val ue><ci >y</ ci ></ val ue>
</ appl y>
</ property>
<property>
<appl y>
<appl y><i nver se/ ><si n/ ></ appl y>
<appl y>
<sin/>
<ci >x</ ci >
</ appl y>
</ appl y>
<val ue><ci >x</ ci ></ val ue>
</ property>
<property>F(i nverse(F)(y))<val ue>y</val ue></ property>
</ Mat hM_defi ni ti on>

F.2.2.6. <sep>

<Mat hM_def i ni ti on>

<nane> sep </name>

<descri pti on>
This is the MathM. infix constructor used to sub-divide PCDATA into
separate conmponents. for exanple, this is used in the description of
a multipart nunber such as a rational or a conplex nunber.

</ descri pti on>

<functorcl ass> punctuati on </functorcl ass>

<exanpl e><cn type="conpl ex- pol ar " >123<sep/ >456</ cn></ exanpl e>

<exanpl e><cn>123</ cn></ exanpl e>

</ Mat hM_def i ni ti on>

F.2.2.7. <condition>

<Mat hMLdef i ni ti on>
<nane> conditi on </ nanme>
<descri pti on>



This is the Mat hM. constructor for building conditions.
A condition differs froma relation in howit is used.
Arelation is sinply an expression, while a condition

is used as a predicate to place a conditions on a bound
vari abl es.

For a conpound condition use relations or apply
operators such as "and" or "or" or a set of
rel ations).
</ descri pti on>
<functorclass> constructor, unary </functorclass>
<signature> ({reln|apply|set}) -> predicate </signature>
<exanpl e>
<condi ti on>
<reln><lt/>
<appl y><power/ >
<ci >x</ ci ><cn>5</ cn>
</ appl y>
<cn>3</cn>
</rel n>
</condition>
</ exanpl e>
</ Mat hM.defi ni ti on>

F.2.2.8. <declare>

<Mat hM_def i ni ti on>

<nane> decl are </ nane>

<descri pti on>
This is the Mat hM. constructor for redefining the properties and
val ues with mat hemati cal objects. For exanple V may be a nane
delcared to be a vector, or V nay be a nanme which stands for a
particul ar vector.

The attribute values of the declare statenent are assigned as the
correspondi ng default attribute values of the first object.

</ descri pti on>

<functorclass> nodifier , (unary | binary) </functorclass>
<MMLattri bute>

<nane>definiti onURL</definition>

<val ue> Any valid URL </val ue>

</ MMLattri but e>

<MMLat tri but e>

<nane>t ype</ nane><val ue> Mat hM.Type </val ue>

</ MMLattri but e>

<MMLat tri but e>

<nane>nar gs</ name><val ue> nunber of argunments for an object of type fn </val ue>
</ MMLattri but e>

<signature> [attributename=attri buteval ue] (anyt hi ng)
-> anything(attributeval ue) </signature>

<!-- The two argunment form updates the properties of the first
object to be those of the second. The attribute values override the
properties of the "val ue".

-->

<signature> [attri butenane=attri buteval ue] (anyt hi ng, anyt hi ng)
-> anything(attributeval ue) </signature>



<exanpl e><r el n><and/ ><ci >x</ ci ><cn>1</ cn></r el n></ exanpl e>
<exanpl e><r el n><| t/ ><ci >x</ ci ></r el n></ exanpl e>
</ Mat hM_defi ni ti on>

F.2.2.9. <lambda>

<Mat hM_defini ti on>
<nane> | anbda </ nane>
<description> The operation of |anbda cal culus that nakes a
function froman expression and a variable. The definition
at this level uses only one variable. Lanbda is a binary
function, where the first argunment is the variable and
the second argunment is a the expression.
Lanbda( x, F) is witten as \lanbda x [F] in the | anbda
calculus literature.
The | anbda function can be viewed as the inverse of function
application.

Al t hough the expression F may contain x, the | anmbda expression
is interpreted to be free of x. That is, the x variable is

a variable local to the environment of the definition of

the function or operator. Formally, |anmbda(x,F) is free of

X, and any substitutions, evaluations or tests for x in

| ambda(x, F) shoul d not happen

A | anbda expression on an arbitrary function applied to a
sinmple argurment is equivalent to the arbitrary function.
E.g. lanbda(x, f(x)) ==f. This is a comon shortcut.

</ descri pti on>
<functorclass> Nary , Constructor </functorclass>
<property>
<l anbda><ci >x</ ci >
<appl y><f n><ci >F</ ci ></ f n><ci >x</ ci ></ appl y>
</ | anbda>
<val ue> <f n><ci >F</ci ></fn> </val ue>
</ property>

<l-- Constructing a variant of the sine function -->

<exanpl e>
<l anbda>
<ci> x </ci>
<appl y><si n/ >
<appl y><pl us/ >
<ci> x </ci>
<cn> 3 </cn>
</ appl y>
</ | anbda>
</ exanpl e>

<l-- the identity operator -->

<exanpl e>
<l anbda><ci > x </ci> <ci> x </ci> </|anbda>
</ exanpl e>

<property>
<rel n><identity/>
<l anbda><ci >x</ ci >
<appl y><f n><ci >F</ ci ></ f n><ci >x</ ci ></ appl y>



</ | anbda>
<f n><ci >F</ ci ></ fn>
</rel n>
</ property>
<Mat hM_def i ni ti on>

F.2.2.10. <compose/>

<Mat hM_defi ni ti on>

<name> conpose </ nane>

<descri pti on>
This is the Mat hM. constructor for conposing functions.
In order for a conposition to be neaningful, the range of
the first function nust be the domain of the second function
etc.

The result is a new functi on whose donmain is the domain of
the first function and whose range is the range of the | ast
function and whose definition is equivalent to applying
each function to the previous outconme in turn as in:

(f @g)( x) == f(a(x)).

This function is often denoted by a small circle infix
operator.
</ descri pti on>

<functorclass> Nary , Operator </functorclass>
<signature> (fn*) -> fn </signature>

<exanpl e>
<appl y><conpose/ >
<fn><ci> f </ci></fn>
<fn><ci> g </ci></fn>
</ appl y></ exanpl e>

<property>
<appl y><forall >
<bvar ><ci >x</ ci ></ bvar >
<rel n><eq/ >
<appl y>
<appl y><conpose/ >
<ci>f</ci>
<ci >g</ci >
</ appl y>
<ci >x</ci >
</ appl y>
<appl y><ci >f </ ci >
<appl y><ci >g</ ci >
<ci >x</ ci >
</ appl y>
</ appl y>
</rel n>
</ appl y>
</ property>
</ Mat hM_defi ni ti on>

F.2.2.11. <ident/>



<Mat hM_def i ni ti on>

<nane> i dent </nane>

<descri pti on>
This is the Mat hM. constructor for the identity function.
This function has the property that

f( x) =x, for all x inits donain.
</ descri pti on>
<functorclass> Nary , Operator </functorclass>
<si gnature> (synbol) -> synbol </signature>

<exanpl e>

<appl y><i dent/ >
<ci>f </ci>
<ci> x </ci>

</ appl y>

</ exanpl e>

<property>
<appl y><foral |l >
<bvar ><ci >x</ ci ></ bvar >
<rel n><eq/ >
<appl y><i dent/ >
<ci>f</ci>
<ci >x</ci >
</ appl y>
<ci >x</ci >
</rel n>
</ appl y>
</ property>
</ Mat hMLdefi ni ti on>

F.2.3. Arithmetic, Algebra and Logic
F.2.3.1. <quotient/>

<MMLdefinition>
<name> quotient </ nanme>
<description> Integer quotient, the result of integer
division. For argunents a and b, it returns q,
where a = b*qg+r, |r| < |bl] and a*r &ge; 0 (or
the sign of r is the same as the sign of a).
</ descri ption>
<functorcl ass> Bi nary, Function </functorclass>
<signhature> (integer, integer) -> integer </signature>
<signature> (synbolic, synbolic) -> synbolic </signature>

<l--
ForAl'l (bvar(a,b),identity(a ,b*Quotient(a,b) + Remai nder(a,b))
-=->
<property>
<appl y><forall/>
<bvar ><ci >a</ ci ></ bvar >
<bvar ><ci >b</ ci ></ bvar >
<rel n/ ><eq/ >
<ci >a</ci >
<appl y><pl us/ >
<appl y><ti nmes/ >



<ci >b</ ci >

<appl y><quot i ent / ><ci >a</ ci ><ci >b</ ci ></ appl y>

</ appl y>

<appl y><ren ><ci >a</ ci ><ci >b</ ci ></ appl y>

</ appl y>
<rel n>

</ appl y>
</ property>

<l-

<pr
<a

<ap

</p

</ MMLdef
F.2.3.2. <exp/>
<MMVLdef i

<nane>
<des

</ de

</ MMLdef

- 1 = quotient(5,4) -->

operty>

ppl y><i dentity/>

<appl y><quotient/>
<ci >5</ci >
<ci >4</ci >

</ appl y>

<ci >1</ci >

ply>

roperty>

inition>

nition>
exp </ name>
cription> The exponential function.

<Reference> M Abramowitz and |I. Stegun, Handbook of

Mat hemati cal Functions, [4.2]
</ Ref erence>
scription>

<functorclass> Unary, Function </functorcl ass>

<signhature> real -> real </signature>

<si gnature> synbolic -> synbolic </signature>

<property><rel n><eq/ >
<appl y><exp/ ><cn>0</ cn></ appl y>
<cn>1</cn></rel n>

</ property>

<property><appl y><i dentity/>
<appl y><exp/ ><ci >x</ ci ></ appl y>
<appl y><power/ >

<cn>Exponenti al E; </ cn><ci >x</ ci >

</ appl y>

</ appl y>

</ property>

<property> exp(x) = limt( (1+x/n)?n, n

inition>

F.2.3.3. <factorial/>

<MMLdef i
<nane>
fact

</ nane
<descr
Thi s

as i

</ desc
<f unct

<signature> ( al gebraic )

nition>

ori al

>

i ption>

el ement is used to construct factorials
nn =n*(n-1) * (n-2) ... 1.
ription>

orclass> Unary , function </functorclass>
-> al gebrai ¢ </signature>

infinity ) </property>



<exanpl e> <appl y><factori al / ><ci >n</ ci ></ appl y> </ exanpl e>
<l-- for all n>0, nl =n*(n-1)! -->

<property><appl y><foral I />
<bvar ><ci >n<ci ></ bvar >
<condi ti on>
<r el n><gt / ><ci >n</ ci ><cn>0</ cn></rel n>
</ condi ti on>
<rel n><eq/ >
<appl y><factori al / ><ci >n</ ci ></ appl y>
<appl y><ti nes/ >
<ci >n</ci >
<appl y><factorial />
<appl y><m nus/ ><ci >n</ ci ><cn>1</ cn></ appl y>
</ appl y>
</ appl y>
</rel n>
</ property>
</ MMLdef i ni ti on>

F.2.3.4. <divide/>

<MMVLdefi ni ti on>
<nane> di vi de </nane>
<descri pti on>
The Mat hML operator that is used to construct
a "divided by" b. If a and b are froman al gebraic
domain with a non-conmutative tinmes then this is defined
as a * (b)~(-1). The result is fromthe sane al gebraic
domai n as the operands.
</ descri ption>
<MMLat tri but e>
<nane> type </ nanme>
<val ue> non-comut ati ve </ nane>
<def aul t > none </defaul t>
</ MMLat tri but e>
<functorclass> binary , function </functorclass>
<si gnature> (conpl ex, conplex) -> conpl ex </signature>
<signature> (real, real) -> real </signature>
<signature> (rational, rational) -> rational </signature>
<signature> (integer, integer) -> rational </signature>
<si gnature> (synbolic, synbolic) -> synbolic </signature>
<exanpl e>
<appl y> <di vi de/ >
<ci> a </ci>
<ci> b </ci>
</ appl y>
</ exanpl e>
<property>
<appl y><forall/>
<bvar >a</ bvar >
<rel n><eq/ >
<appl y> <di vi de/ >
<ci> a </ci>
<ci> 0 </ci>
<ci >Error, Division by 0</ci>
</ appl y>
</ property>
</ MMLdef i ni ti on>



F.2.3.5. <max/>

<MVLdef i ni ti on>
<nane> max </ name>
<descri pti on>
Represent the maxi mum of a set of elenents. The elenents
may be given explicitly or described by nmenbership in
some set. To be well defined, the elenents nmust all be
compar abl e. </ description>
<functorcl ass> function </functorcl ass>
<signature> ( ordered set _elenment * ) -> ordered_set el enent </signature>
<signature> ( condition ) -> ordered_set_el enment </signature>
<exanpl e>
<appl y><max/ ><cn>2</ cn><cn>3</ cn> <cn>5</cn> </ appl y>
</ exanpl e>
<exanpl e>
<appl y><max/ >
<condi ti on>
<bvar ><ci >x</ ci ></ bvar >
<rel n> <notin/>
<ci> x </ci>
<ci type="set"> B </ci>
</rel n>
</ condi ti on>
</ appl y>
</ exanpl e>
</ MMLdef i ni ti on>

F.2.3.6. <min/>

<MMLdefinition>
<nanme> mn </ nanme>
<descri pti on>
Represent the mninumof a set of elenents. The elenents
may be given explicitly or described by nmenbership in
some set. To be well defined, the elenents nmust all be
compar abl e. </ descri ption>
<functorcl ass> function </functorclass>
<signature> ( ordered_set _element * ) -> ordered_set el enment </signature>
<signature> ( condition ) -> ordered_set_el ement </signature>
<exanpl e>
<appl y><m n/ ><cn>2</ cn><cn>3</ cn> <cn>5</cn> </ appl y>
</ exanpl e>
<exanpl e>
<appl y><m n/ >
<condi ti on>
<bvar ><ci >x</ ci ></ bvar >
<rel n> <notin/>
<ci> x </ci>
<ci type="set"> B </ci>
</rel n>
</ condition>
</ appl y>
</ exanpl e>
</ MMLdef i ni ti on>

F.2.3.7. <minus/>
<MMLdefinition>

<nanme> ni nus </ nane>
<descri pti on>



The subtraction operator of a group. </description>
<MMLat tri but e>

<nane> definitionURL </nane>

<val ue> URL </ name>

<def aul t > none </defaul t>
</ MMLattri but e>
<funct orcl ass>

Qperator , (Unary | Binary )
</functorcl ass>
<signature>(real,real) -> real </signature>
<signature>(integer,integer) -> integer</signature>
<signature>(rational,rational) -> rational </signature>
<si gnat ur e>( conpl ex, conpl ex) -> conpl ex</si gnat ure>

<l--
Not e that conpl ex-cartesian is a data input format,

but the resulting data type is conplex. !
-->

<signature> (vector,vector) -> vector</signature>
<signature>(matrix, matrix) -> matri x</signature>
<signature>(real) -> real </signature>
<signature>(integer) -> integer </signature>
<si gnat ure>(conpl ex) -> conpl ex </signature>
<signature>(rational) -> rational </signature>
<si gnature>(vector) -> vector </signature>
<signature>(matrix) -> matrix </signature>
<exanpl e>
<appl y><m nus/ ><cn>3</ cn><cn>5</ cn></ appl y>
</ exanpl e>
<exanpl e>
<appl y><m nus/ ><cn>3</ cn></ appl y>
</ exanpl e>

<l-- Definition of the unary operator (-1) =-( 1) -->

<property>
<rel n><eq/ >
<bvar ><ci >n</ ci >
<appl y><m nus/ ><cn>1</ cn></ appl y>
<cn>- 1</ cn>
</rel n>
</ property>
</ MMLdefinition>

F.2.3.8. <plus/>

<MMLdefinition>

<name> pl us </ nanme>

<description> The N-ary addition operator of an
al gebrai c structure.

If no operands are provided, the expression represents
the additive identity.

If one operand a is provided, the expression represents
a.

If two or nore operands are provided, the expression
represents the group el enent corresponding to a |left
associ ative binary pairing of the operands.



| ssues with regard to the "val ue" of nixed operands

are left up to the target system |If the author w shes
to refer to specific type coercion rules, then

the definitionURL attribute should be used to refer

to a suitable specification.

</ descri ption>

<functorclass> QOperator , Nary </functorclass>
<signature>(real,real) -> real </signature>

<si gnature>(integer,integer) -> integer</signature>
<signature>(rational,rational) -> rational </signature>
<si gnature> (vector,vector) -> vector</signature>
<signature>(matrix, matrix) -> matrix</signature>

<si gnat ur e>( conpl ex, conpl ex) -> conpl ex</si gnat ur e>

<si gnat ure>(synbolic, synbolic) -> synbolic </signature>

<signature> real -> real </signature>
<signature> rational -> rational </signature>
<si gnature> integer -> integer </signature>
<si gnature> synbolic -> synbolic </signature>
<signature>(real) -> real </signature>
<signature>(integer) -> integer </signature>
<si gnat ure>(conpl ex) -> conpl ex </signature>
<signature>(rational) -> rational </signature>
<si gnature>(vector) -> vector </signature>
<signature>(matrix) -> matrix </signature>

<exanpl e><appl y><pl us/ ><cn>3</ cn></ appl y></ exanpl e>
<exanpl e><appl y><pl us/ ><cn>3</ cn><cn>5</ cn></ appl y></ exanpl e>
<exanpl e><appl y><pl us/ ><cn>3</ cn><cn>5</ cn><cn>7</ cn></ appl y></ exanpl e>

<l-- The properties for nore restricted al gebraic structures should
be defined using a definitionURL
-->

<property> +() = 0 </property>

<property> +(a) = a </property>

<property> ForAll (a, Commutative, a + b = b + a)</property>
</ MMLdef i ni tion>

F.2.3.9. <power/>

<MMLdefini tion>
<nanme> power </nane>
<descri ption> The powering operator </description>
<functorcl ass> binary, operator </functorclass>
<si gnature> (conpl ex compl ex) -> conpl ex </signature>
<signature> (real real) -> conplex </signature>
<signature> (rational rational) -> conplex </signature>
<signature> (rational integer) -> rational </signature>
<signature> (integer integer) -> rational </signature>
<si gnature> (synbolic symbolic) -> synbolic </signature>
<property> ForAll (a, Condi ti on(a<>0), a”r0=1) </property>
<property> ForAll (a, a*1=a) </property>
<property> ForAll (a, 1*a=1) </property>
<property>For Al | (a, 0"0=Undef i ned) </ pr operty>

</ MMLdef i ni ti on>

F.2.3.10. <rem/>



<MMVLdef i ni ti on>

<nanme> rem </ name>

<description> Integer renainder, the result of integer
division. For argunments a and b, it returns r

where a = b*qg+r, |r| < |b] and a*r &ge; 0 (the
sign of r is the same as the sign of a when both are
non- zer o).

</ descri pti on>

<functorcl ass> binary, function </functorclass>
<signature> (integer integer) -> integer </signature>
<si gnhature> (synbolic synbolic) -> synbolic </signature>
<property> a = b*rem(a,b) + rem(a,b) </property>
<property>ren(a,0) = Division_by_Zero</property>

</ MVLdef i ni ti on>

F.2.3.11. <times/>

<MMLdefinition>

<nane> times </ name>

<description> The nmultiplication operator of any

ring.

</ descri pti on>

<functorclass> N-ary, Operator </functorclass>

<si gnature> (conpl ex conpl ex) -> conpl ex </signature>

<signature> (real, real) -> real </signature>

<signature> (rational, rational) -> rational </signature>

<signature> (integer, integer) -> integer </signature>

<si gnature> (synbolic, synbolic) -> synbolic </signature>

<property>For Al |l (bvars(a, b), condition(in({a, b}, Commutative)), a*b=b*a) </ property>
<property>For Al | (bvars(a, b, c), Associ ati ve, a*(b*c)=(a*b)*c), associativity </property>
<property> a*1l=a </property>

<property> 1*a=a </ property>

<property> a*0=0 </property>

<property> 0*a=0 </property>

</ MVLdef i ni ti on>

F.2.3.12. <root/>

<MMLdefi ni ti on>
<nanme> root </ nane>
<descri pti on>
Construct the nth root of an object.
The first argunent "a" is the object and the
second object "n" denotes the root, as in

(a) ™ (1n)

</ descri ption>
<MMLat tri but e>
<nanme> type </nanme>
<val ue> real | conplex | principle_branch </nanme>
<default> real </default>
</ MMLat tri but e>
<functorclass> binary , function </functorcl ass>
<signature> ( anything , synbol ) -> root </signature>
<exanpl e>
<appl y> <root/>
<ci> a </ci>
<ci>n </ci>
</ appl y>
</ exanpl e>



<property> Forall (bvars(a,n),root(a,n) = a*(1/n)) </property>
</ MMLdef i ni ti on>

F.2.3.13. <gcd/>

<MMVLdef i niti on>
<name> gcd </ name>
<descri pti on>
This represents the greatest comon divi sor
of its argunents
</ description>
<MMLat tri but e>
<nane> type </ nane>
<val ue> anyt hi ng </ nane>
<defaul t> integer </default>
</ MMLattri but e>
<functorclass> Function , Nary </functorcl ass>
<si gnature> [type=typeval ue] (typeval ue*) -> typeval ue </signature>
<exanpl e>
<appl y><gcd/ ><cn>12</ cn> <cn>17</ cn></ appl y>
</ exanpl e>
<property>Foral |l (p,q, (is(p,prime) and is(q,prine)) , gcd(p,q)=1 </property>
</ MMLdefinition>

F.2.3.14. <and/>

<MMVLdef i niti on>
<name> and </ name>
<descri pti on>

This is the logical "and" operator.

</ descri ption>
<functorclass> function, Nary </functorclass>
<si gnat ure> (bool ean*) -> bool ean </si gnature>
<exanpl e> <appl y><and/ ><ci >p</ ci ><ci >q</ ci ></ appl y> </ exanpl e>
<property> identity(true and p , p ) </property>
<property> identity(p and q , q and p ) </property>
</ MMLdef i ni ti on>

F.2.3.15. <or/>

<MMLdefinition>
<nanme> or </ nane>
<descri pti on> The | ogi cal
</ descri pti on>
<functorcl ass> Bi nary, Function </functorclass>
<si gnat ure> (bool ean, bool ean) -> bool ean </signature>
<si gnature> [type=bool ean] (synbolic synbolic)

-> synbolic </signature>
<property> identity(true or p, true ) </property>

or oper ator.

</ MVLdefi ni ti on>
F.2.3.16. <xor/>

<MMVLdef i nition>

<nanme> or </ name>

<description> The | ogical "xor" operator.

</ descri pti on>

<functorcl ass> Bi nary, Function </functorclass>

<si gnat ure> (bool ean, bool ean) -> bool ean </si gnature>
<si gnature> [type=bool ean] (synbolic synboli c)



-> synbolic </signature>
<property> ...</property>
</ MVLdef i ni ti on>

F.2.3.17. <not/>

<MMLdefi ni ti on>
<nanme> not </ name>
<description> The | ogical "not" operator.
</ descri pti on>
<functorclass> Unary, Function </functorclass>
<si gnature> (bool ean) -> bool ean </signat ure>
<si gnature> [type=bool ean] (synbolic)
-> synbolic </signature>
<property> ... </property>
</ MMLdef i ni tion>

F.2.3.18. <implies/>

<MMVLdef i ni ti on>

<Nane> i nplies </ Nanme>

<description> The inplies operator. This represents
the construction "A inplies B".

</ descri pti on>

<functorclass> Binary, relation </functorclass>

<si gnat ure> (bool ean, bool ean) -> bool ean </signature>

<property> <apply></forall>
<bvar ><ci >A</ ci ></ bvar >
<bvar ><ci >B</ ci ></ bvar >
<rel n><eq/ >
<appl y><i npli es/ >
<ci >A</ci >
<ci >B</ci >
</ appl y>
<appl y><or/ >
<ci >B</ci >
<appl y><not / >
<ci> A </ci>
</ appl y>
</ appl y>
</rel n>
</ property>
</ MMLdefini ti on>

F.2.3.19. <forall/>

<MVLdef i niti on>

<nane> forall </name>

<description> The logical "For all" quantifier

</ descri pti on>

<functorclass> Nary, Operator </functorclass>

<si gnature> (bvar*, condition?, (reln|apply)) -> bool ean </signature>
<property> ... </property>

</ MMLdefinition>

F.2.3.20. <exists/>

<MVLdefinition>



<nanme> exi sts </nane>

<description> The | ogical "There exists" quantifier

</ descri pti on>

<functorclass> Nary, Operator </functorclass>

<si gnature> (bvar*, condition?, (reln|apply)) -> bool ean </signature>
<property> ... </property>

</ MMLdef i ni ti on>

F.2.3.21. <abs/>

<MMVLdef i niti on>

<nanme> exi sts </ name>

<descripti on> The absol ute val ue of a nunber.

</ descri pti on>

<functorclass> Unary, Operator </functorclass>
<signature> (al gebraic) -> al gebraic </signature>
<property> ... </property>

</ MMLdefinition>

F.2.3.22. <conjugate/>

<MMLdefinition>

<nane> conj ugate </ nane>

<description> The "conjugate" arithnetic operator
used to represent the conjugate of a conpl ex numnber.
</ descri pti on>

<functorclass> Unary, Operator </functorclass>

<si gnature> (al gebraic) -> algebraic </signature>
<property> ... </property>

</ MMLdefinition>

F.2.4. Relations

F.2.4.1. <eq/>

<MMVLdef i ni ti on>

<Nane> eq </ Name>

<description> The equality operator. </description>
<functorclass> Nary, relation </functorclass>
<property> Comutative </property>

<si gnature> (synbolic synbolic) -> bool ean </signature>
</ MMLdefinition>

F.2.4.2. 2<neq/>

<MMVLdef i ni ti on>

<Nane> neq </ Name>

<descri pti on> The notequal s operator. </description>
<functorclass> Nary, relation </functorclass>
<property> Comutati ve </property>

<si gnature> (synbolic synbolic) -> bool ean </signature>
</ MMLdefinition>

F.2.4.3. <gt/>

<MVLdefinition>
<Name> gt </ Name>



<description> The equality operator. </description>
<functorcl ass> binary, relation </functorclass>
<property> Comut ati ve </property>

<si gnature> (synbolic synbolic) -> bool ean </signature>
</ MVLdef i ni ti on>

F.2.4.4. <It/>

<MMVLdef i ni ti on>

<Name> |t </ Nanme>

<description> The inequality equality operator "<" </description>
<functorcl ass> binary, relation </functorclass>

<property> Comut ati ve </property>

<si gnature> (synbolic, synbolic*) -> bool ean </signature>

</ MVLdef i ni ti on>

F.2.4.5. <geq/>

<MMVLdef i ni ti on>

<Nane> geq </ Name>

<description> The inequality operator. >= </description>
<functorclass> Nary, relation </functorclass>

<si gnature> (synbolic, synbolic*) -> bool ean </signature>
<property> ... Comutative ? ... </property>

</ MMLdefinition>

F.2.4.6. <leq/>

<MMLdefinition>

<Nanme> | eq </ Name>

<description> The inequality operator </description>
<functorclass> Nary, relation </functorclass>
<property> Comut ati ve </property>

<si gnature> (synbolic synbolic) -> bool ean </signature>
</ MMLdefinition>

F.2.5. Calculus

F.2.5.1. <In/>

<MVLdef i ni ti on>

<Nane> | n </ Nane>

<description> The logarithm c function. Al so called
the natural |ogarithm
The inverse of the exponential function.
<Reference> M Abramowitz and |I. Stegun, Handbook of

Mat hemat i cal Functions, [4.1]

</ Ref erence>

</ description>

<functorclass> Unary, Function </functorclass>

<property>
Error( "logarithmhas a singularity at 0" )

</ property>



<signature> Intersect(real,positive) -> real </signature>
<si gnature> synbolic -> synbolic </signature>

<property> In(1l) = 0 </property>

<property> I n(exp(x)) x, "for real x" </property>
<property> exp(ln(x)) X, always </property>

</ MMLdefinition>

F.2.5.2. <log/>

<MMLdefinition>

<Nane> | og </ Nane>
<description> The logarithm c function (base 10), or any
any other user specified base. Al so called

the natural |ogarithm

The inverse of the exponential function.

<Reference> M Abramowitz and |I. Stegun, Handbook of

Mat hemati cal Functions, [4.1]

</ Ref erence>
</ description>
<functorclass> Unary, Function </functorclass>
<signature> (real,logbhase) -> real </signature>
<signhature> synbolic -> synbolic </signature>
<property>

Error( "logarithmhas a singularity at 0" )
</ property>

</ MMLdefinition>

F.2.5.3. <int/>

<MMLdefinition>

<Nane> int </ Nane>

<descri pti on>
The definite or indefinite integral of a function or al gebraic
expr essi on.

There are several forms of calling sequences dependi ng on
the nature of the aregunents, and whether or not it is a
definite integral

</ descri ption>

<functorclass> Binary , Function </functorclass>

<signature> (function) -> function </signature>

<si gnature> (al gebraic, bvar) -> al gebraic </signature>

<si gnature> (al gebraic, bvar,interval) -> al gebraic </signature>
<si gnature> (al gebraic, bvar,condition) -> al gebraic </signature>

</ MMLdefinition>

F.2.5.4. <diff/>

<MMLdefinition>

<Nane> di ff </ Nanme>
<descri pti on>
For expressions, this represents the derivative of
its first argunment eval uated at the second argunent.
For Unary functions (only one argunent) it represents
fr.
</ descri ption>
<functorclass> (Unary | Binary) , Function </functorclass>



<si gnature> (al gebraic, bvar) -> al gebraic </signature>
<property>Foral |l (x,diff( sin(x) , x ) = cos(x)) </property>
<property>Foral | (x,diff( x , x) =1 ) </property>
<property>Foral | (x,diff( x*2 , x ) = 2x) </property>
<property>identity( diff(sin) , cos ) </property>

</ MMLdef i ni ti on>

F.2.5.5. <partialdiff/>

<MVLdefini tion>
<Nanme> partial di ff </Nane>
<descri pti on>
For expressions, this represents the derivative of
its first argunment eval uated at the second argunent.
For Unary functions (only one argunent) it represents
fr.
</ descri ption>
<functorclass> (Binary) , Function </functorclass>
<si gnature> (al gebraic, bvar) -> al gebraic </signature>
<property>Foral | (x,diff( sin(x*y) , x ) = cos(x)) </property>
<property>Foral | (x,y,diff( x*y , x ) =diff(x,x)*y + diff(y,x)*x )
</ property>
<property>Forall (x,a,b,diff( a+ b, x) =diff(a,x) + diff(b,x) )
</ property>
<property>identity( diff(sin) , cos ) </property>
</ MMLdef i ni ti on>

F.2.5.6. <lowlimit/>

<MvLdef i ni tion>
<Nanme> |ow imt </Nane>
<description> Construct a lower limt. Limts
are used in sone integrals as alternative way
of describing the region over which an integra
is conputed. (i.e., a connected conponent of the
real line.)
</ descri ption>
<functorcl ass> Constructor </functorclass>
<signature> (anything*) -> list </signature>
</ MMLdef i ni ti on>

F.2.5.7. <uplimit/>

<MvLdef i ni tion>
<Name> uplimt </Nane>
<description> Construct a an upper limt. Limts
are used in sone integrals as alternative way
of describing the regi on over which an integra
is conputed. (i.e., a connected conponent of the
real line.)
</ descri ption>
<functorcl ass> Constructor </functorclass>
<signature> (anything*) -> list </signature>
</ MMLdefinition>

F.2.5.8. <bvar/>



<MvLdef i ni ti on>

<Nanme> bvar </ Nanme>

<descri pti on>
The bvar element is the container el enent
for the "bound variable" of an operation.
For exanple, in an integral it specifies the
variable of integration. In a derivative, it
i ndi cates which variable with respect to
which a function is being differenti ated.

When the bvar elenent is used to quantifiy a derivative,
the bvar element may contain a child degree el emrent which
specifies the order of the derivative with respect to that
variable. The bvar elenent is also used for the interna
variable in suns and products.
</ descri ption>
<functorcl ass> Constructor </functorclass>
<si gnature> (synbol) -> synbol </signature>
<exanpl e> <bvar ><ci >x</ ci ></ bvar ></ exanpl e>
</ MMLdef i ni ti on>

F.2.5.9. <degree/>

<MvLdef i ni ti on>
<Nane> degree </ Nanme>
<description> A paraneter used by sone
Mat hML data-types to specify that, for exanple,
a bound variable is repeated several tines.
</ description>
<functorcl ass> Constructor </functorclass>
<signature> (al gebraic) -> al gebraic </signature>
<exanpl e> <degr ee><ci >x</ ci ></ degr ee></ exanpl e>

<property> ... </property>
</ MMLdef i ni ti on>

F.2.6. Theory of Sets

F.2.6.1. <set>

<MvLdef i ni tion>
<Nanme> set </ Nane>
<descri ption> Construct a set. </description>
<functorclass> Nary, Constructor </functorclass>
<si gnature> (anything*) -> set </signature>

</ MVLdefinition>

F.2.6.2. <list>

<MvLdef i ni ti on>
<Nanme> [|ist </ Nanme>
<description> Construct a list. </description>
<functorclass> Nary, Constructor </functorclass>
<signature> (anything*) -> list </signature>

</ MMLdef i ni ti on>

F.2.6.3. <union/>



<MVLdef i ni ti on>
<Nane> uni on </ Nane>
<description> The union of two sets. </description>
<functorcl ass> Bi nary, Function </functorclass>
<signature> (set*) -> set </signature>

</ MMLdef i ni ti on>

F.2.6.4. <intersect/>

<MMLdefinition>
<Name> i ntersecti on </ Name>
<description> The intersection of two sets. </description>
<functorclass> Binary, Function </functorcl ass>
<signature> (set set) -> set </signature>

</ MMLdef i ni ti on>

F.2.6.5. <in/>

<MMLdefinition>
<Nane> in </ Nane>
<descri pti on>
The nmenbership testing operation (also commonly
called "in" or "including"). Returns true if the first
argunent is part of the second argument. The second
argunent nust be a set.
</ description>
<functorcl ass> Bi nary, Function </functorclass>
<si gnature> (anything, set) -> bool ean </signature>
</ MMLdef i ni ti on>

F.2.6.6. <notin/>

<MVLdef i ni ti on>
<Name> notin </ Nane>
<descri ption>
The nenbershi p excl usion operation (also conmonly
called "notin" or "including").
It is defined as "not in".
</ descri ption>
<functorcl ass> Bi nary, Function </functorclass>
<si gnhature> (anything set) -> bool ean </signature>
</ MMLdefinition>

F.2.6.7. <subset/>

<MWLdefinition>
<Nane> subset </ Nane>
<descri pti on>
Bool ean function whose value is determ ned by
whet her or not one set is a subset of another
</ descri ption>
<functorcl ass> Bi nary, Function </functorclass>
<signhature> (set*) -> bool ean </signature>
</ MMLdef i ni ti on>

F.2.6.8. <prsubset/>



<MVLdef i ni ti on>
<Nane> prsubset </ Nane>
<descri ption>
Bool ean function whose val ue is deternined by
whet her or not one set is a proper subset of another.
</ description>
<functorclass> Binary, Function </functorcl ass>
<signature> (set, set) -> bool ean </signature>
<property>...</property>
</ MMLdefinition>

F.2.6.9. <notsubset/>

<MWLdefinition>
<Nane> not subset </ Nane>
<descri pti on>
Bool ean function whose value is the conpl enent
of "subset".
</ descri ption>
<functorcl ass> Bi nary, Function </functorclass>
<signature> (set, set) -> bool ean </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.6.10. <notprsubset/>

<MMLdefinition>
<Nane> not prsubset </ Nanme>
<descri ption>
Bool ean function whose value is the conpl enent
of "proper subset".
</ description>
<functorclass> Binary, Function </functorclass>
<signature> (set, set) -> bool ean </signature>
<property>...</property>
</ MMLdefinition>

F.2.6.11. <setdiff/>

<MMLdefinition>
<Nane> setdiff </ Nane>
<descri pti on>

Function indicating the difference of tw sets.
</ description>
<functorcl ass> Bi nary, Function </functorcl ass>
<signhature> (set, set) -> set </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.7. Sequences and Series
F.2.7.1. <sum/>
<MMLdefinition>

<Nanme> sum </ Name>
<descri pti on>



The sum el enent denotes the summati on operator. Upper and | ower

limts for the sum and nore generally a domains for the bound vari abl es
are specified using uplimt, lowinmt or a condition on the bound

vari abl es. The index for the sumation is specified by a bvar el enment.

The sum el enent takes the attribute definition which can be used to

override the default semantics.

</ descri pti on>

<functorclass> Unary, Function </functorclass>

<signature> (bvar*,((lowimt,uplimt)|condition),algebraic) -> sum </signature>
<signature> ... </signature>

</ MMLdefinition>

F.2.7.2. <product/>

<MMVLdef i ni ti on>

<Nane> product </ Name>

<descri pti on>

The product el ement denotes the product operator. Upper and | ower
limts for the product, and nore generally a domains for the bound
variables are specified using uplimt, lowinmt or a condition on the
bound vari abl es. The index for the product is specified by a bvar

el ement .

The product el ement takes the attribute definition which can be used
to override the default semanti cs.
</ descri pti on>
<functorclass> Unary, Function </functorclass>
<signature> (bvar*,((lowimt,uplimt)|condition),al gebraic)
-> product </signature>
<signature> ... </signature>
<signature> ... </signature>
</ MVLdef i ni ti on>

F.2.7.3. <limit/>

<MMLdefinition>

<Name> limt </ Name>

<descri pti on>

The sum el enent denotes the sunmati on operator.

Upper and lower Iimts for the sum and nore
generally a domains for the bound variables are
specified using uplimt, lowimt or a condition

on the bound variables. The index for the summation is
speci fied by a bvar el enent.

</ descri pti on>

<functorclass> Nary, Function </functorclass>
<signature> (bvar*,(lowimt | condition*), al gebraic)
-> limt </signature>

</ MMLdefinition>

F.2.7.4. <tendsto/>

<MMLdefi niti on>

<Nare> tendsto </ Nane>

<description> tendsto is used to specify howa limt is
conputed. It accepts a type attribute that determ nes the
manner in which it tends to a val ue.



</ descri pti on>

<functorcl ass> binary, Function </functorclass>

<si gnat ure> (synbol , anyt hi ng)

<si gnature> [type=direction](synbol, anythi ng)
condition(limt) </signature>

</ MMLdef i ni ti on>

->

F.2.8. Trigonometry

F.2.8.1. <sin/>

<MMLdefiniti on>
<Nane> sin </ Nanme>

-> condition(limt) </signature>

<description> The circular trigonometric function sine

<Reference> M Abramowitz and |
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ descri ption>
<functorcl ass> Unary,
<signhature> real -> real </signature>

St egun,

Handbook of

Functi on </functorcl ass>

<signature> synbolic -> synbolic </signature>

<property>
<property>
<property>
<property>
<property>

sin(0) = 0 </property>

sin(integer*Pi) = 0 </property>

sin((zZ+1/2)*Pi) = (-1)"~Z, "for integer Z" </property>
-1 <= sin(real) </property>

sin(real) <= 1 </property>

<property>
<Reference> ditto

</ property>

</ MMLdef i ni ti on>

si n(3*x) =-4*si n(x)*3+3*si n(x),

F.2.8.2. <cos/>

<MMLdefinition>

<Nanme> cos </ Nane>

<description> The cosine function.
<Ref erence> M Abramowitz and |

Mat hemat i cal Functions, [4. 3]

</ Ref erence>

</ descri ption>

<functorcl ass> Unary,

<sighature> real -> rea

St egun,

</ si gnat ur e>

<si gnature> synbolic -> synbolic </signature>

<property>
<property>
<property>

cos(0) = 1 </property>
cos(integer*Pi +Pi / 2)
cos(Z*Pi) = (-1)~z, "for
<property> -1 <= cos(real) </property>
<property> cos(real) <= 1 </property>
</ MMLdef i ni ti on>

F.2.8.3. <tan/>

<MMLdefinition>
<Name> t an </ Nane>
<description> The tangent function.
<Reference> M Abranpwitz and |
Mat hemati cal Functions, [4. 3]
</ Ref er ence>

St egun,

"triple angle fornula"
[4.3.27] </ Reference>

Handbook of

Functi on </functorcl ass>

= 0 </property>
i nteger Z"

</ property>

Handbook of



</ description>

<functorclass> Unary, Function </functorcl ass>

<signature> real -> real </signature>

<sighature> synbolic -> synbolic </signature>

<property> tan(integer*Pi) = 0 </property>

<property> tan(x) = sin(x)/cos(x) </property>
</ MMLdef i ni ti on>

F.2.8.4. <sec/>

<MMLdefinition>
<Name> sec </ Nane>
<description> The secant function.
<Ref erence> M Abramowitz and |I. Stegun, Handbook of
Mat hemati cal Functions, [4. 3]
</ Ref erence>
</ descri ption>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property> sec(x) = 1l/cos(x) </property>
</ MMLdefinition>

F.2.8.5. <csc/>

<MMLdefinition>
<Nanme> csc </ Nane>
<description> The cosecant function
<Reference> M Abramowitz and |I. Stegun, Handbook of
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property> csc(x) = 1l/sin(x) </property>
</ MMLdef i ni ti on>

F.2.8.6. <cot/>

<MMLdefinition>
<Nanme> cot </ Nane>
<descri ption> The cotangent function
<Reference> M Abramowitz and |. Stegun, Handbook of
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorclass>
<signature> real -> real </signature>
<signhature> synbolic -> synbolic </signature>
<property> cot(integer*Pi +Pi/2) = 0 </property>
<property> cot(x) = cos(x)/sin(x) </property>
</ MMLdef i ni ti on>

F.2.8.7. <sinh/>

<MMLdefi ni ti on>



<Nanme> si nh </ Nanme>
<descri ption> The hyperbolic sine function
<Reference> M Abramowitz and |I. Stegun, Handbook of
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.8.8. <cosh/>

<MWLdefinition>
<Name> si nh </ Nane>
<descri ption> The hyperbolic sine function
<Reference> M Abramowitz and |. Stegun, Handbook of
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorclass>
<signature> real -> real </signature>
<signhature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.8.9. <tanh/>

<MvLdef i ni tion>
<Nane> tanh </ Nane>
<descri ption> The hyperbolic tangent function.
<Reference> M Abramowitz and |I. Stegun, Handbook of
Mat hemati cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorclass>
<signhature> real -> real </signature>
<si gnhature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.8.10. <sech/>

<MMLdefinition>
<Nane> sech </ Nane>
<description> The hyperbolic secant function.
<Ref erence> M Abramowitz and |I. Stegun, Handbook of
Mat hermat i cal Functions, [4. 3]
</ Ref erence>
</ descri ption>
<functorclass> Unary, Function </functorcl ass>
<signhature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.8.11. <csch/>



<MMVLdefinition>
<Nane> csch </ Nane>
<description> The hyperbolic cosecant function.
<Ref erence> M Abramowitz and |I. Stegun, Handbook of
Mat hemat i cal Functions, [4. 3]
</ Ref erence>
</ descri ption>
<functorclass> Unary, Function </functorcl ass>
<signhature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdef i ni ti on>

F.2.8.12. <coth/>

<MMLdefi ni ti on>
<Nanme> coth </ Nanme>
<description> The hyperbolic cotangent function.
<Reference> M Abramowitz and |I. Stegun, Handbook of
Mat hemati cal Functions, [4. 3]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property>...</property>
</ MMLdefinition>

F.2.8.13. <arcsin/>

<MWLdefinition>
<Nane> arcsin </ Nane>
<description> The inverse of the sine function.
<Reference> M Abramowitz and |. Stegun, Handbook of
Mat hemati cal Functions, [4.4]
</ Ref erence>
</ description>
<functorclass> Unary, Function </functorclass>
<signature> real -> real </signature>
<signhature> synbolic -> synbolic </signature>
<property> sin(arcsin(x)) = x </property>
<property> arcsin(sin(x)) = x, "for x between -Pi/2 and Pi/2" </property>
</ MMLdef i ni ti on>

F.2.8.14. <arccos/>

<MMLdefinition>
<Nane> ar ccos </ Nanme>
<description> The inverse of the cosine function.
<Ref erence> M Abramowitz and |I. Stegun, Handbook of
Mat hemat i cal Functions, [4.4]
</ Ref erence>
</ descri ption>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property> cos(arccos(x)) = x </property>



<property> arccos(cos(x)) = x, "for x between 0 and Pi" </property>
</ MMLdef i ni tion>

F.2.8.15. <arctan/>

<MMVLdefinition>
<Nane> arctan </ Nane>
<description> The inverse of the tangent function.
<Reference> M Abramowitz and |I. Stegun, Handbook of
Mat hemat i cal Functions, [4.4]
</ Ref erence>
</ descri ption>
<functorclass> Unary, Function </functorcl ass>
<signature> real -> real </signature>
<signature> synbolic -> synbolic </signature>
<property> tan(arctan(x)) = x </property>
<property> arctan(tan(x)) = x, "for x between -Pi/2 and Pi/2" </property>
</ MMLdef i ni ti on>

F.2.9. Statistics

F.2.9.1. <mean/>

<MMLdefinition>
<Name> nean </ Name>
<descri pti on>
G ven Kk unspecified scalar argunents they are treated as equi probabl e
val ues of a random variable and the nmean is conputed as:

nean( al, a2, ... an) Sum( ai, i=1... n)/ n.
(see section 7.7 in CRC s Standard Mathematical tables and Fornul ae).

More generally, if the first argument is a synmbol X of type
"di screte_randomvariable", this is the 1st nonment of the
random variable X and is defined as

E[ X] = Sum x*f(x), xin S)
where the probability that x = x_i is P( x =x_i) = f(x_i)

The argunents are either all data, all discrete random vari abl es,
or all continuous random vari abl es.

The generalizes to continuous distributions and
k di nenions following the definitions provided in the reference:

<Ref erence> CRC Standard Mat hematical Tables and For mul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.1.2] and [7.7]

</ Ref erence>

</ description>

<MMLat tri but e>
<nane>t ype</ name>
<val ues> randomvariable | continuous_randomvariable | data </val ue>
<defaul t> data </defaul t>

</ MMLat tri but e>

<functorclass>Nary , Operator </functorclass>

<si gnature>(scal ar*) -> scal ar</si gnature>

<si gnhature>(scal ar(type=data)*) -> scal ar</si gnhat ure>

<si gnat ur e>(synbol (type=random vari abl e)*) -> scal ar</si gnat ure>



<si gnat ur e>(synbol (type=conti nuous_random vari abl e)*) -> scal ar</si gnat ure>
<property> </property>
</ MVLdef i ni ti on>

F.2.9.2. <sdev/>

<MMLdefinition>
<Nane> sdev </ Name>
<descri pti on>
This represents the standard devi ation.

G ven Kk unspecified scalar argunents they are treated as equi probabl e
val ues of a random vari able and the "standard deviation” is
computed as the square root of the second nmonment about the nmean U

sdev( al, a2, ... an)"2 = E (X - U~"r2).

If the first argunment is a synbol X of type

"di screte_randomvariabl e", then all argunents are treated as

di screte random vari abl es, instead of data and the second nonent
about the nean is conputed as

sum( ( x_i - U)A2 * f(xi) , xi in$S)
as

where the probability that x = x_i is P( x = x_i) = f(x_i)

The argunents are either all data, all discrete random vari abl es,
or all continuous random vari abl es.

The generalizes to continuous distributions and to
k di nenions follow ng the definitions found in:

<Ref erence> CRC Standard Mat hematical Tabl es and Fornul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.1.2] and [7.7]
</ Ref erence>
</ description>
<MMLat tri but e>
<nane>t ype</ nanme>
<val ues> randomvariable | continuous_randomvariable | data </val ue>
<defaul t> data </defaul t>
</ MMLat tri but e>
<functorclass>Nary , Operator </functorclass>
<si gnature>(scal ar*) -> scal ar</signature>
<si gnature>(scal ar (type=data)*) -> scal ar</si gnature>
<si gnat ur e>(synbol (type=di screte_random vari abl e)*) -> scal ar </ si gnat ure>
<si gnat ur e>(synbol (type=conti nuous_random vari abl e)*) -> scal ar</si gnature>
<property> </property>
</ MMLdefinition>

F.2.9.3. <variance/>

<MMVLdef i ni ti on>
<Name> vari ance </ Nane>
<descri pti on>
This conmputes the second centered noment, al so known as the vari ance.

G ven k unspecified scalar argunents they are treated as equi probabl e
val ues of a random vari able and the "variance" is
conput ed as the second nonent about the mean U



variance( al, a2, ... an) = E (X - U~"r2).

If the first argunment is a synbol X of type

"di screte_random variable", then all argunents are treated as

di screte random vari abl es, instead of data and the second npnment

about the mean is conputed as in section [7.7] (see reference bel ow)

Sun( ( x_i - U)r2* f(x_i) , xi inS)
as

where the probability that x = x_i is P( x =x_i) = f(x_i)

The argunents are either all data, all discrete random vari abl es,
or all continuous random vari abl es.

The generalizes to continuous distributions and to
k di menions following the definitions found in:

<Ref erence> CRC Standard Mat hematical Tables and For mul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.1.2] and [7.7]
</ Ref erence>
</ descri ption>
<MMLat tri but e>
<nane>t ype</ name>
<val ues> randomvariable | continuous_randomvariable | data </val ue>
<defaul t> data </defaul t>
</ MMLat t ri but e>
<functorclass>Nary , Operator </functorclass>
<si gnature>(scal ar*) -> scal ar</si gnature>
<si gnature>(scal ar (type=data)*) -> scal ar</si gnhat ure>
<si gnat ur e>(synbol (type=di screte_random vari abl e)*) -> scal ar </ si gnat ure>
<si gnat ur e>(synbol (type=conti nuous_random vari abl e)*) -> scal ar</si gnature>
</ MMLdefinition>

F.2.9.4. <median/>

<MMVLdef i ni ti on>

<Name> nedi an </ Nane>

<descri pti on>
This represents the nmedi an of n data val ues.
If n =2k + 1 then the node is x_k.
If n =2k then the nedian is (x_k + x_(k+1)/2).
(Note this discription assunmes that the data has been
sorted into ascendi ng order.)

<Ref erence> CRC St andard Mat hemati cal Tabl es and For nul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.7]
</ Ref erence>
</ descri ption>
<functorclass>Nary , Operator</functorclass>
<si gnature>(scal ar*) -> scal ar</si gnature>
</ MMLdefinition>

F.2.9.5. <mode/>

<MMLdefinition>
<Nane> node </ Name>
<descri pti on>
This represents the node of n data val ues.



The npde is the data value that occurs with the
greatest frequency.

<Ref erence> CRC Standard Mathematical Tabl es and Fornul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.7]
</ Ref erence>
</ description>
<functorclass>Nary , Qperator</functorclass>
<si gnature>(scal ar*) -> scal ar</si gnature>
</ MVLdef i ni ti on>

F.2.9.6. <moment/>

<MMVLdef i niti on>
<Nanme> nonent </ Nanme>
<descri pti on>
This conputes the ith noment of a set of data, or a random vari abl e..

Gven k scalar argunments of unspecified type, they are treated
as equi probable values of a randomvariable. and the "noments" are
conput ed as the second nonment about the mean U

nonent ( degree=i, scalar*)= E( X"i ).
If the first data argunent x1 is a synbol X of type
"di screte_random variable", then all argunents are treated as
di screte random vari abl es, instead of data and the ith nonent
about the mean is conputed as

Sun( (x)™i * f(x) , xin S)

where the probability that x X_1I is P( x = x_i) = f(x_i)
The argunents are either all data, all discrete random vari abl es,
or all continuous random vari abl es.

The generalizes to continuous distributions and to
k di nenions followi ng the definitions found in:

<Ref erence> CRC Standard Mathemati cal Tabl es and Fornul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [7.1.2]
</ Ref erence>
</ descri ption>
<MMLat tri but e>
<nanme>t ype</ nanme>
<val ues> randomvariable | continuous_randomvariable | data </val ue>
<defaul t> data </defaul t>
</ MMLat tri but e>
<functorclass>Nary , Operator </functorclass>
<si gnat ur e>(degree, scal ar*) -> scal ar</si gnature>
<si gnat ur e>(degree, scal ar (type=data)*) -> scal ar</si gnature>
<si gnat ur e>(degr ee, synbol (type=di screte_random vari abl e)*) -> scal ar</si gnature>
<si gnat ur e>(degree, synbol (type=continuous_random vari able)*) -> scal ar</si gnature>
</ MMLdefinition>

F.2.10. Lineary Algebra
F.2.10.1. <vector>

<MMLdefinition>
<Nanme> vector </ Nanme>



<descri pti on>
A vector is an ordered n-tuple of val ues
representing an el enment of an n-di nensi ona
vector space. The "values" are all fromthe
same ring, typically real or complex. They may

be nunmbers, synmbols, or general al gebraic expressions.

The type attribute can be used to specify the type of
vector that is represented

<Ref erence> CRC St andard Mat hemati cal Tabl es and For nul ae,

editor: Dan Zwillinger, CRC Press Inc., 1996, [2.4]
</ Ref erence>
</ description>
<MMLat tri but e>
<nane> type </name>
<value> real | conplex | synbolic | anything </val ue>
<default> real </default>
</ MMLat tri but e>
<MMLat tri but e>
<nane> ot her </nane>
<value> row | colum </val ue>
<defaul t> row </defaul t>
</ MMLat tri but e>
<functorcl ass> constructor , Nary </functorclass>
<si gnat ur e>
((cn|ci|apply)*) -> vector(type=real)
</ si ghat ur e>
<si gnat ur e>

[type=vectortype] ((cn|ci]|apply)*) -> vector(type=vectortype)

</ si ghat ur e>

<property> <l-- scalar multiplication-->
<appl y><forall/>
<bvar ><ci >b</ ci ></ bvar >
<bvar ><ci >v1</ ci ></ bvar >
<bvar ><ci >v2</ ci ></ bvar >
<rel n>
<appl y><ti nmes/ >
<ci >ci >b</ci >
<vect or ><ci >ci >v1</ ci ><ci >ci >v2</ ci ></ vect or >
</ appl y>
<vect or >
<appl y><ci >b</ ci ><ci >v1</ ci ></ appl y>
<appl y><ci >b</ ci ><ci >v2</ ci ></ appl y>
</vector>
</rel n>
</ appl y>
</ property>
<property> vector addition </property>
<property> distributive over scal ars</property>
<property> associativity.</property>
<property> Matrix * colum vector </property>
<property> row vector * Matrix </property>
</ property>
</ MMLdef i ni ti on>

F.2.10.2. <matrix>
<M\VLdefinition>

<Nane> matrix </ Nanme>
<descri pti on>



This is the constructor for a matrix. The matrix is

constructed frommatrix rows. The type and properties

spell out the normal interaction with vectors and

scal ars.

<Ref erence> CRC Standard Mat henatical Tabl es and Fornul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [2.5.1]

</ Ref er ence>

</ description>
<MMLat tri but e>

<nane>t ype</ nane>

<value>real | conplex | integer | synbolic | anything </val ue>

<default> real </default>
</ MMLat tri but e>
<functorclass>constructor , Nary </functorcl ass>
<signature>(matri xrow*) -> matrix</signature>
<si gnat ur e>

[type=matri xtype] (matrixrow*) ->

matri x(type=matri xtype) </ si gnat ur e>
<property>scalar nmultiplication </property>
<property>Matri x*col um vector</property>
<property>Addi ti on</ property>
<property>Matri x*Matri x</ property>
</ MMLdefi nition>

F.2.10.3. <matrixrow>

<MMVLdef i ni ti on>
<Name> matri xr ow </ Nane>
<descri pti on>
This is a constructor for describing the rows of a matrix.
This only occurs inside a matrix. |Its "type" is determn ned
fromthe containing matrix el enment.
</ descri pti on>
<functorcl ass>constructor , N ary</functorclass>
<signature>(cn|ci|apply)->matrixrow </signature>
</ MMLdefinition>

F.2.10.4. <determinant/>

<MMLdefinition>
<Name>det er m nant </ Nane>
<description>The "determ nant" of a nmatrix.
<Ref erence> CRC Standard Mathemati cal Tabl es and Fornul ae,
editor: Dan Zwillinger, CRC Press Inc., 1996, [2.5.4]
</ Ref erence>
</ descri ption>
<functorcl ass>Unary, operator</functorclass>
<signature>(matrix)-> scal ar </signature>
</ MMLdef i ni ti on>

F.2.10.5. <transpose/>

<MMLdefinition>

<Nanme> transpose </ Nane>

<description>The transpose of a matrix or vector
<Ref erence> CRC Standard Mathemati cal Tabl es and Fornul ae,

editor: Dan Zwillinger, CRC Press Inc., 1996, [2.4] and [2.5.1]

</ Ref erence>

</ descri ption>

<functorcl ass>Unary, Operator</functorclass>



<si gnat ure>(vector)->vect or (ot her =r ow) </ si ghat ur e>
<si gnat ur e>[ ot her =col utm] (vect or) - >vect or ( ot her =r ow) </ si gnat ur e>
<si gnat ur e>[ ot her =r owj (vect or) - >vect or ( ot her =col umm) </ si gnat ur e>
<signature>(matrix)->matri x</si gnature>
<property>transpose(transpose(A) )= A</ property>
<property>transpose(transpose(V))= V</property>

</ MMLdefinition>

F.2.10.6. <selector/>

<MMVLdef i niti on>
<Name> sel ect or </ Nane>
<descri pti on>
The operator used to extract sub-objects fromvectors, matrices
matrix rows and |ists.

El ements are accessed by providing one index el enment for each
di mension. For Matrices, sub-matrices are sel ected by providing
one fewer index items. For a matrix A and a colum vector V :

select( i,j , A) is the i,j th elenent of A
select(i , A) is the matrixrow formed fromthe ith row of A
select( i , V) is the ith elenent of V.
select( V) is the sequence of all elenments of V.
select(A) is the sequence of all elements of A extracted row
by row.
select(i,L) is the ith element of a list.
select(L) is the sequence of elenents of a |ist.
</ descri ption>
<functorcl ass>N-ary, operator)</functorclass>
<si gnat ure>(scal ar, scal ar, mat ri x) - >scal ar </ si gnat ur e>
<si gnature>(scal ar, matri x) - >mat ri xr ow</ si gnat ur e>
<signhature>(matrix)->scal ar* </property>
<si gnature>(scal ar, (vector|list]| matrixrow))->scal ar </ si gnat ur e>
<signature>(vector|list| matrixrow)->scal ar*</si gnat ur e>
<property>
Foral I (
bvar (A(type=matri x)), bvar (V(type=vector)),
sel ect(A) = select(V)
)
</ property>
<property>For all vectors V, V = vector(select(V))</property>
</ MVLdef i ni ti on>
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MathML 1.0 Changes
Changes from the 7 April 1998 Specification

Editorial changes

[I'itle page and abstract

Errata and Trandlatation pages were added. The available formats section was moved and
expanded. A link to MathML 1.0 Changes (this document) was added. The phrase "upon
which MathML is based" has been added to the sentence "The fundamental eXtensible
Markup Language (XML) 1.0 specification has been adopted as aW3C
Recommendation" for clarification.

Section 4.2.3.4

Missing discussions of the max, min, forall and exists operators which belong in this
section were added.

Section 4.2.5

The categorical assertion that a condition element must always be accompanied by one
or more bvar elements was modified to take into account the exceptiona usage with min
and max. The first two examples were extended to show the surrounding apply elements
so that they would be complete MathML expressions instead of fragments.

Section 4.4.10.6

A note was added explaining that even though select is classified as an n-ary operator, it
can only take one, two or three arguments. The definition of the ordering of elementsin a
sequence of matrix elements was also clarified.

-
A
A O

A new section 6.2.6, "Additional Entity Set Grouping", and corresponding table of
contents entry were added. This table collects together entities referred to in the MathM L
1.0 specification, but which are not included in the SO entity lists.

Se 0.7
In order to provide complete and technically valid entity declarations in the MathML 1.0

DTD, entities without current Unicode points have been assigned values in the Unicode
Private Zone. The text and tables of values has been amended accordingly.

The entity listsin Section 6.2.4 have been updated to be more in line with the ISO
character sets, in that if some part of a set isincluded then the entire set isincluded. Also,
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|SOCHEM has been dropped. These changes have also been reflected in the entity
declarationsin the DTD in Appendix Al.

Section 6.2.6
This section was added for completeness, as described above.
Appendix A. The MathML DTD

A parseable, online version of the DTD has been added in addition to the preformatted
HTML version. In addition, complete entity declarations have been added.

Appendix B. Glossary

The definition of "Attribute" was reworded to be more technically correct, and less
misleading. A broken link to afonts FAQ was removed.

Error Corrections

Section 2.2.2

A bogus over element was changed to divide, and a spurious occurrence attribute was
removed, and amissing '/ character in an end apply element tag in the second example.

Section 4.2.1.4
A bad link to appendix F was fixed.
Section 4.2.1.6

Quotes were added around the vector attribute in the first example.
Section 4.2.1.7

A missing '/' character was added to abvar end tag.
Section4.2.1.8

A bad link to section 4.2.3.4 was fixed.
Section4.2.2.3

Missing /' characters were added to end tags for bvar, uplimit and lowlimit.
Section 4.2.3

<var> was changed to <variance>, and <select> was changed to <selector>.
Section 4.2.34

A missing /' character was added to an apply element end tag in the first example. A
missing '/ character was added to an degr ee element end tag in the diff example, and a
missing ci element was added around the function identifier f. The sentence "Qualifier
schemata are always optional." was removed, as the quantifiersforall and existsrequire a
bound variable.

Section 4.2.6
The outdated AM _APP element was replaced with the more current OM A element.




Section 4.3.2.4
A misspelling of xml-annotation was corrected.

Se A /

The var and select elements were renamed to variance and selector throughout, to avoid
a namespace collision with HTML. Missing trailing '/' characters denoting an empty
element were added for In, log, inver se, mean, sdev, variance, median, mode and
moment. The same error was corrected in the corresponding section heading when
necessary.

Section4.4.1.1
Missing quotes around attribute values were added.

Section 4.4.2.8

A missing bvar element was added to the lambda construct in the fourth example. A
missing ">' character was added to the function declaration in the first example.

Section 4.4.2.9

Misplaced '/' characters were corrected in lambda elements in the examples. Out of order
qgualifiersfor theint element in the example were corrected by moving the apply element
to the end.

Section 4.4.2.10

Missing /' characters were added to the end tags of apply elementsin the last two
examples. An extra'<' character was removed from the fourth example.

Section 4.4.3.18

The textual equivalent of the second example was changed to use the words "such that"
in place of "where" for clarity and for agreement with 4.2.5. A missing power element
was added in the second example. A missing '/* was added to an apply end tag, a nesting
problem in the reln element, and a missing apply construct in the second condition were
corrected in the third example.

Section 4.4.3.21

A missing /' was added to the conjugate tag in the first example.
oection 4.4.4.6

A garbled reln tag was corrected in the example.
Section 4.4.5.3

Missing '/ characters were added to the end tags of qualifier schematain all three
examples.
Section 4.4.5.4

A misleading omission of reference to the fact that the diff operator can take an optional
degr ee element was corrected to be asin 4.4.5.5. The default rendering was improved.

Section4.4.5.5
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Missing '/ characters were added to degree, bvar and ci end tagsin the first example. A
missing exponent in the numerator of the first differential operator in the sample equation
has been added. An incorrect exponent in the default rendering was corrected.

Section 4.4.5.6

Missing /' characters were added to the end tags of qualifier schematain the example.
Section 4.4.5.7

A missing /' character was added to the end tag of the bvar in the example.
Section 4.4.5.8

Anincorrect diff element was changed to an int element in the second example.
Section 4.4.5.9

Anincorrect diff element was changed to a partialdiff element in the example.
Section 4.4.7.2

A missing '/* was added to a bvar tag in the second example.
Section 4.4.9.3

As noted above, var has been renamed to variance to avoid a namespace collision with
HTML.

Section 4.4.9.6
Anincorrectly place degr ee element was moved in the example.
Section 4.4.10.6

As noted above, select has been renamed to selector to avoid a namespace collision with
HTML. A missing '/* was added to the end tag for the selector element.

Section4.4.11.2
The outdated AM _APP element was replaced with the more current OM A element.
Section 5.1.2

A garbled msup element in the first example was corrected. A missing '/ character was
added to the eq element in the fourth example. An outdated OM Symbol element was
replaced with the more current OM S element. A missing '/* character was added to the
times element in the fourth example.

SeCtion 9.5
An outdated OM Symbol element was replaced with the more current OM S element.
Missing /' characters were added to the transpose and times elements.

Section 7.1.3
Missing /' characters were added to the mi element in the mathml-rendererB example.

Section 7.1.5

Missing emboldening of the anchor tag name was added.
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Appendix B. Glossary

Some inconsistent capitalization was corrected in the definitions of Pt, Ex and Em. An
extra'(* was removed from the SGML definition. Several instances "schema" were
replaced by the plural "schemata'. The phrase "free variable" was changed to "variable"
in the definition of lambda expression, since the variables referred to are not free. The
second use of the word "construct” in the definition of Pre-defined function was changed
to "build". The second use of the word "sizes" in the definition of Pt was changed to
"objects'. The word "of" was changed to "or" in the definition of Token element.
Definitions for Box and Bounding Box were added.

Appendix D. Working Group Membership

Thefirst paragraph has been modified to include a reference to the current working group
co-chairs, and a pointer to the current working group membership. A new paragraph has
been added crediting a number of people who helped identify the errors corrected in this
revision. Finally, a broken link to the American Mathematical Society has been corrected.

AppendiX H

Thevar and select elements were renamed to variance and selector throughout, to avoid
a namespace collision with HTML. Missing /' characters were added to selector elements
where they were missing from the corresponding select elements.

Section F.2.1.1

A missing ;' was added to the "complex i" entity in the description. A missing '/' was
added to the sep tag in the second example. A missing '/* was added to the r oot element
in the third property, amissing '<' character was added to an apply in the fifth property,
an erroneous apply end tag was removed from the sixth property and a partial duplication
of that property was corrected, and amissing cn end tag was added in the seventh
property. Also, missing quotes were added to the "boolean” type attribute throughout.

Section F.2.2.3

A missing end tag was for the lambda element in the last example.
Section F.2.2.5

Garbled shorthand was expanded into proper markup in the last property.
Section F.2.2.9

A missing apply end tag was added to the variant sine function example.
Section F.2.2.10

A missing /' was added to the for all element in the first property.
Section F.2.2.11

A missing /' was added to the for all element in the first property.
Section F.2.3.1

Reversed start and end tags for the reln element were switched. A missing '/* was added
to the last apply end tag in the second property.




Section F.2.3.2

A missing end tags for the apply element was added, and a missing '/' was added to aci
end tag, in the property.

Section F.2.34

Missing ci tags were added withing the bvar in the property, and garbled nesting of the
reln element was corrected.

Section F.2.3.7
A missing bvar end tag was added in the property.
Section F.2.3.18

A misplaced '/' character in the forall element was corrected, and a missing apply end tag
was added in the property.

Section F.2.9.3
<var> was changed to <variance>.
Section F.2.10.6
<select> was changed to <selector>.
Section F.2.10.5
A missing name sub-element was added to the MM L definition for transpose.
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